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Abstract. I describe a general scheme for relating transverse almost complex 
structures on a compact contact manifold to conjugacy classes of maximal 
tori in the contactomorphism group. Moreover, to tori whose Lie algebra 
contains a Reeb vector field one can associate a Sasaki cone. Thus, for contact 
structures CD of K-contact type one obtains a configuration of Sasaki cones 
called a bouquet. 
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1. Introduction 

The main purpose of this paper is to study the relationship between compatible 
almost complex structures on a contact manifold and conjugacy classes of maxi- 
mal tori in the contactomorphism group. It draws its inspiration from the work of 
Karshon jKar03j and Lerman |Ler03j . The former gives a count of the conjugacy 
classes of maximal tori in the symplectomorphism group of x with symplectic 
structures uiki.k2 depending on a pair of positive integers, and illustrates the close 
relation with the well-known even Hirzebruch surfaces. A similar result is given in 
[Kar03j for symplectic structures on the non-trivial S^-bundle over which relate 
to the odd Hirzebruch surfaces. This work in turn was motivated by Gromov's sem- 
inal paper jGro85| where it is observed that the topology of the symplectomorphism 
groups on 5^ x changes as the pair of integers change. 

In [Ler03| Lerman uses Karshon's results to give a lower bound on the number of 
conjugacy classes of maximal tori in certain contact structures on S'^ x S^. While 
these contact structures are actually quite special, they are Sasakian, Lerman had 
previously shown in [LerOlj that a count can be made in other, non-Sasakian cases. 
In particular, he showed that the overtwisted contact structure on admits a 
countable infinity of conjugacy classes of maximal tori. This has led the present 
author to try to construct a general theory relating compatible transverse almost 
complex structures on contact manifolds to conjugacy classes of maximal tori. This 
has become possible due to a recent result of Frances jFraOTj that generalizes to 
the 'almost' category a well-known result of Lee and Schoen jLee96| ISch95| that 
on a compact manifold M with a strictly pseudoconvex CR structure, the group 
of CR transformations is compact except when M is an odd dimensional sphere 
S^n+i ^i^ii i-(;g standard CR structure (see Theorem 14. 21 below). The latter is well 
understood, its group of CR transformations being SU{n + 1, 1) |Web77j . 

In this paper our contact manifolds are always compact. At this stage our general 
framework does not work in the non-compact case where little seems to be known. 
One exception seems to be the Heisenberg group |Boy09| . Most of the results and 
examples in this paper concern contact structures of K-contact or Sasaki type, since 
these are generally by far the most tractible. Such contact structures have contact 
1-forms that fibre in the orbifold sense over a compact symplectic orbifold with 
cyclic local uniformizing groups. Thus, it is necessary to generalize certain results 
that are known for symplectic manifolds and their symplectomorphism groups to 
the case of symplectic orbifolds. In particular, I generalize to any quasi-regular 
contact structure a result of Banyaga |Ban78| that says that for a regular contact 
structure the subgroup of the contactomorphism group that leaves invariant a reg- 
ular contact form is a central extension of the group of Hamiltonian isotopies 
of the base symplectic manifold, and subsequently generalize a result of Lerman 
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[Ler02b| saying that a maximal torus of the group of Hamihonian isotopies induces 
a unique maximal torus in the corresponding contactomorphism group. 

The paper is organized as follows: Section [5] gives a review of the essential struc- 
tures that we are dealing with and their interrelation. Section [3] discusses the 
contactomorphism group and some important subgroups. In particular, it is shown 
that the subgroup leaving a contact 1-form invariant is a Frcchet Lie subgroup of 
the full contactomorphism group. Section |4] defines the fundamental map between 
compatible almost complex structures and conjugacy classes of maximal tori and 
shows that it is surjective. It also defines the Sasaki bouquet which gives a natural 
configuration of Sasakian structures associated with certain contact structures. In 
section [5] I generalize known results about the symplectomorphism group in the 
category of manifolds to that of cyclic orbifolds, and in section [6] I give three main 
theorems relating the Hamiltonian symplectomorphism group to the contactomor- 
phism group in the quasi-regular case. Section [7] begins with a review of toric 
contact structures, and then proves that the fundamental map relating transverse 
almost complex structures to conjugacy classes of maximal tori is bijective in the 
toric case when restricting to toric contact structures of Reeb type and maximal 
tori of Reeb type. Section [7] ends by describing many examples, some of which give 
non-trivial Sasaki bouquets. Section [5] mainly presents results in higher dimensions 
and with non-toric contact structures. 

Acknowledgments . At various times during this work I have benefited from con- 
versations and/or emails from V. Apostolov, A. Banyaga, A. Buium, P. Gauduchon, 
P. Michor, J. Pati, Y.-S. Poon, C. T0nnesen-Friedman, and D. Vassilev. 

2. Basic Structures 

2.1. Contact Structures. Recall that a contact structure on a 27i + l dimensional 
smooth manifold M is a maximally non-integrable codimension one subbundle 2) 
of the tangent bundle TM. We shall assume that M is orientable with a fixed 
orientation unless stated to the contrary. We can think of the subbundle 2) as 
being defined by an equivalence class of (contact) 1-forms rj satisfying 77A (dr;)" 7^ 
where 77' ~ 77 if there is a nowhere vanishing function / e C°°{M) such that 77' = frj 
and D = kerrj. We shall also choose a co-orientation by choosing a 1-form r] and 
then restricting the functions / to strictly positive functions C°°(M)+. With the 
co-orientation fixed we denote by £"'"(D) the set of contact 1-forms representing D 
with its orientation fixed. Choosing a 1-form 77 G €.~^{D) gives an identification of 
€~^{D) with C°°{M)~^. Note that when n is even changing 77 to —77 just reverses the 
orientation of M; however, when n is odd it does not effect the orientation of M. 

Given a contact 1-form 77 there is a unique vector field ^ called the Reeb vector 
field that satisfies 77(^) = 1 and ^ J ^77 = 0. Thus, there is a bijection between the 
set £+(D) and a subset 3i~^{D) of the vector space X{M) of all smooth vector fields 
on M. It is easy to see |Boy08| that when M is compact 3^+ (2)) is an open convex 
cone in X(M) in the subspace topology, that I call the Reeb cone. Now ^ generates 
a trivial real line bundle and the characteristic foliation 9^^. This provides a 
splitting of the tangent bundle TM — D®L^ and fixes a symplectic structure (i77|D 
in the vector bundle 2). Changing the contact form rj frj changes the symplectic 
structure by a conformal factor, dr]\q:, 1— > drj'li:, = fdrjli:,, and it also changes the 
splitting 2) © L{ 2) © . 
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Recall that a complex structure J on a vector bundle D is a smooth endomor- 
phism such that = — 11. We are interested in the set of all complex structures J 
on D that satisfy a certain compatibility condition as briefly discussed in Section 

m 

Definition 2.1. Choose a smooth contact form r/ G £+(D) representing 2). We 
say that a complex structure J is compatible with T) if for any sections X, Y of 
D we hav^ 

drii JX, JY) = dri{X, Y), drji JX, Y) > 0. 
We denote by 3(D) the set of all complex structures compatible with T). 

This definition is well-defined since 

Proposition 2.2. The definition of compatible in Definition \2.1\ is independent of 
the choice of 1-form rj representing D as an oriented contact structure. 

Proof. Let rj' be any other contact form in £+(!)). Then rj' = frj for some / G 
C°°(M)+. So 

dT]\JX, JY) = fdrii JX, JY) = fdr]{X, Y) = drj'{X, Y) 
since X, Y are sections of D. □ 

2.2. Almost CR Structures and CR Structures. Let D be a codimcnsion one 
subbundle of the tangent TM of a 2n + 1 dimensional smooth manifold Af . A 
(codimcnsion one) almost CR structure is given by a splitting of the complexified 
bundle D ^ C = D^'° + D°'^ such tha t D^'" n = {0} and D^'i = where 
the bar denotes complex conjugation |DT06| . The almost CR structure is said to 
be (formally) integrabl^if [T{'D^-'°),T{T>^-'°)] C r(Di'O). 

An alternative definition of an almost CR structure, and the point of view 
adopted here, can be given by the existence of a codimension one vector bundle D 
of TM together with a smooth endomorphism J of D such that J^ = —1. Then 
the almost CR structure is said to be integrable if it satisfies two conditions: 

(1) [JX, Y] + [X, JY] G LCD) whenever X,Y € T{V). 

(2) N{X, Y) = [JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] = 0. 

A less well-known definition that is important for us is: an almost CR structure 
(2), J) is said to be partially integrable if condition (1) holds. We can rephrase 
condition (1) as follows: let D be given as the kernel of a 1-form, i.e. D = kerr;, 
and define gD{X, Y) ~ dj]{JX, Y). The 2-form di] is called the Levi form of the CR 
structure. One easily sees that condition (1) is equivalent to (/^(A, F) = ^©(Y, A). 
Moreover, since = —1 we see that (1) implies gTi{JX, JY) = gD(A, F), that 
is, a partially integrable CR structure gives rise to a symmetric 2-tensor field 
that is invariant under J. We are interested in the case that gri (or —gn) defines 
an Hcrmitian metric on the vector bundle T>. When this happens the CR structure 
is called strictly pseudoconvex. Summarizing we have 



use the convention used in IBG08I which is opposite to the convention most frequently used 
in Kahler geometry. 

"^The word "formally" appears in parenthesis since for general almost CR structures this defini- 
tion of integrablility is not equivalent to the existence of a transverse complex coordinate system. 
However, it is for those related to contact structures, so I will not use the terminology "formally 
integrable", but just "integrable". 
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Proposition 2.3. Let D he a contact structure on a smooth orientahle manifold 
M, and choose a compatible almost complex structure J G Then the pair 

(2), J) defines a partially integrable strictly pseudoconvex almost CR structure. 

Of particular interest is tire case when the almost CR structure is integrable, 
that is both conditions (1) and (2) hold. We denote by 3/(2)) the subset of 3(2)) 
consisting of integrable almost CR structures. 

2.3. Contact Metric Structures. For contact structures we can think of the 
choice of ?7 S £+(2)) as polarizing the almost CR structure (2), J). Accordingly we 
refer to the pair (77, J) as a polarized almost CR structure. It is convenient to extend 
the almost complex structure J to an endomorphism $ by setting J = ^Id, = 0. 
This extension depends on the choice of 77 G £"'"(2)), and we can think of the pair 
(77, $) as a polarized almost CR structure. We say that a Riemannian metric g is 
compatible with (77, $), or equivalently with (77, J), if 

$y) = g{X, Y) - v{X)v(Y) 

for any vector fields X,Y. Any such metric satisfies g{£,,£,) = 1 and g{X,£^) = 
for X a section of 2). That is, for any metric g that is compatible with (77, $) 
the Reeb vector field has norm one and is orthogonal to 2). So there is a 1-1 
correspondence between Riemannian metrics that are compatible with (77, $) and 
Hermitian metrics on the vector bundle 2) that are compatible with J. Note that 
gsiX, Y) = dri{JX, Y) defines a natural metric in the vector bunde D where here 
X, Y are sections of 2). So there is a canonical Riemannian metric compatible with 
the pair (77,$), namely 

(1) g = .gD ® 77® 77 = ^770 ($ ® ]1) + 77® 77. 

We call the quadruple (77, ^, $, g) where g has the form ([1]) a contact metric structure, 
and denote by C3Y[(2)) the set of all such contact metric structures whose underlying 
contact structure is 2). From this point of view we have 

Proposition 2.4. Fixing 77 there is a 1-1 correspondence between compatible almost 
complex structures on 2) and canonical contact metrics of the form ([T]) . 

2.4. K-contact and Sasakian Structures. The Reeb vector field ^ leaves in- 
variant the contact 1-form 77; hence, it leaves the contact structure 2) invariant. 
However, generally it does not leave the almost CR structure J invariant; when it 
does, the contact structure is called K-contact. In this case the metric g given by 
Equation ([T]) is called bundle-like. In fact, g in Equation ([T]) is bundle-like and gives 
3"^ the structure of a Riemannian foliation if and only if the almost CR structure 
is invariant under the flow of the Reeb vector field, or equivalently the metric is 
invariant under the Reeb flow. In equations this is equivalent to = = £^9- 
So in the K-contact case ^ is a Killing vector field giving rise to the name K-contact. 

Definition 2.5. We say that a contact structure D on M is 0/ K-contact type if 

there is a 1-form 77 in the contact structure and a choice of almost complex structure 
J such that S ~ (^,77, is K-contact. In addition, if the underlying almost CR 
structure {Ti,J) is integrable we say that D is 0/ Sasaki type. 

K-contact structures are closely related to the quasi-regularity of the character- 
istic foliation 3"^ of a strict contact structure. Recall that a strict contact structure 
(M, 77) is said to be quasi-regular if there is a positive integer k such that each point 
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has a foliated coordinate chart {U, x) such that each leaf of 3^^ passes through U 
at most k times. If A: = 1 then the foliation is called regular. A strict contact 
structure that is not quasi-regular is called irregular. I often apply the definitions 
of K-contact and quasi-regular, etc. to the Reeb field ^ or the contact form rj. We 
have |Ba08j 

Proposition 2.6. Let (A/, rj) be a quasi-regular strict contact manifold such that 
the characteristic foliation 3^^ has all compact leaves. Then then there exists a 
choice of Riemannian metric g (and thus such that {£^,r],^,g) is K-contact. In 
particular, a quasi-regular contact structure on a compact manifold has a compatible 
K-contact structure. 

Not all K-contact structures are quasi-regular; however, a result of Rukimbira 
jRuk95| states that every K-contact structure can be approximated by quasi-regular 
ones whose Reeb vector fields lie in the Sasaki cone of the original K-contact struc- 
ture making irregular K-contact structures quite tractible. In particular, for a 
K-contact structure the foliation 3^^ is Riemannian. We are interested in 

(2) fR+(D) = e I ^ is K-contact}. 

We shall make much use of what has been become known as the orbifold Boothby- 
Wang construction jBW58| lBG00a| IBG08| : 

Theorem 2.7. Let {M,^,r],^., g) be a quasi-regular K-contact manifold with com- 
pact leaves. Then 

(1) The space of leaves M/S'^ is an almost Kahler orbifold Z such that the 
canonical projection n : M — >M /'J^ is an orbifold Riemannian submersion. 

(2) M is the total space of a principal orbibundle (V-bundle) over Ad with 
connection 1-form rj whose curvature drj is the pullback by n of a symplectic 
form u! on 

(3) The symplectic form lu defines a non-trivial integral orbifold cohomology 
class, that is, [p*io] G H'^^i^(M/3'^,li) where p is the natural projection of 
the orbifold classifying space (see Section 4-3 of jBGOSj ]. 

Remark 2.8. When [p*uj] is an integral cohomology class in H'^^^{M/3'^,'Z), the 
class [w] is rational in the ordinary cohomology i?^(M/5'^, Q). In fact, the orbifold 
Kahler classes are precisely the Kahler classes in H'^{M/3'^, Q) that pullback under 
p to integral classes in H^^f^{M/J^,Z) 

Theorem 12.71 has an inversion (also known as orbifold Boothby-Wang) [BG08) , 
namely 

Theorem 2.9. Let {Z,uj, J) be an almost Kahler orbifold with [p*uj] G H^^f^{Z,Z), 
and let M denote the total space of the circle V-bundle defined by the class [uj]. Then 
the orbifold M admits a K-contact structure (^,77, $,5) such that drj ~ 11*10 where 
TT : M — >Z is the natural orbifold projection map. Furthermore, if all the local 
uniformizing groups of Z inject into the structure group , then M is a smooth 
K-contact manifold. 

2.5. Contact Isotopy. Notice that in Theorem l2.9l the choice of K-contact struc- 
ture on M is not uniquely determined by the symplectic structure lo on Z. One 
chooses a connection 1-form rj such that drj = Tr*io, and this is determined only up 
to a gauge transformation r] 1-^ rj + df for some / e C°"(M) that is invariant under 
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^. Not even the contact structure D is unique; what is unique, however, is the con- 
tact isotopy class. More generaUy, given contact metric structure S = (^,77, $,.9) 
we can consider a deformation of the form rj 1-^ r]t = rj + t^ where C is a basic 1-form 
with respect to the chararcteristic foliation J'^ that satisfies i]t A {drjt)" 7^ for all 
t £ [0, 1]. This clearly deforms the contact structure D i-> Dt = kcrrjt- However, 
Gray's Theorem [Gra59| IBG08| says that there are a family of diffeomorphisms 
(called a contact isotopy) ipt : M >M and a family of positive smooth func- 
tions ft such that tplr]t = ftrj. So, although both the metric structures and almost 
CR structures have non-trivial deformations, the underlying contact structure does 
not, and there are no local invariants in contact geometry. If S is K-contact (or 
Sasakian) with underlying contact structure T) then the entire family 

consists of K-contact (Sasakian) structures belonging to the contact structure 2). 
So when we refer to a K-contact (or Sasakian) structure we often mean such a 
family defined up to contact isotopy. 

3. The Group of Contactomorphisms 

3.1. Basic Properties. Let S)iff(M) denote the group of diffeomorphisms of M. 
We endow Diff{M) with the compact-open C°° topology in which case it becomes 
a Frechet Lie group. See |Mil841 IBan971 IOmo97[ IKM97j for the basics concerning 
infinite dimensional Lie groups and infinite dimensional manifolds. Since we deal 
almost exclusively with compact manifolds the compact-open C°° topology will 
suffice for our purposes. 

Definition 3.1. Let {M, ©) he a closed connected contact manifold. Then we define 
the group £on(M, D) of all contact diffeomorphisms or contactomorphisms 

hy 

e:on(M,D) = {0 e 2)iff(M) | <?i,'D c V). 

The group £on(Af, 2)) is a regular infinite dimensional Frechet Lie group jOmo97] 
and an important invariant of a contact manifold. It is both locally contractible 
and locally path connected; hence, the identity component £ono(M, D) consists 
of contactomorphisms that are isotopic to the identity through contact isotopies. 
Recently it has been shown |Ryb08| that the group €ona{M,D) is perfcdH, thus, 
simple (see also |Tsu08p . We denote by £on(M, CD)+ the subgroup of £on(7\/, D) 
that preserves the orientation of D, that is, it preserves the co-orientation of {M, D). 
Clearly, £ono(M,D) c €on{M,'D)+. 

We can give the group £on(Af, T)) an alternative formulation. If 7; is a contact 
form, then it is easy to see that 

(3) €on{M, D)^{4>e S)iff(Af) | 0*r; = /^r; , e C°°(Af)*} . 

Here, C°°{M)* denotes the subset of nowhere vanishing functions in C°°(M), and 
£on(M, D)+ is characterized by the subgroup such that > 0. We also consider 
the subgroup £on(M, ry) of strict contact transformations, whose elements are those 
(/) G €on{M, D) such that = 1: 

€on{M, r/) = {(/)£ £»iff(Ai") | (j)*r^ = rj} . 



■^Recall that a group G is perfect if G equals its own commutator subgroup, that is, G = [G, G] . 
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This subgroup is also infinite dimensional; however, it is not a contact invariant. 
It is "well-known that the 1-parameter subgroup 5 generated by the flow of the 
Recb vector field ^ lies in the center of £on(M, ry). When S = (^,77, $,5) is a 
quasi-regular K-contact structure, the subgroup S is a closed normal subgroup of 
£on(M, 77) isomorphic to S^. The case that has been studied, mostly from the point 
of view of geometric quantization theory, is when r/ is regular in which case the 
group £on(A/, ?y) has been called the group of quantomorphisms }Sou70| [RS81j . 

3.2. The Lie algebras. The Lie algebras of these two groups are quite important. 
They are both Frechet vector spaces which provide local model spaces for the cor- 
responding Frechet Lie groups. The first of these is the Lie algebra of infinitesimal 
contact transformations, 

(4) con(A/, V)^{X e X{M) \ £xV = a.iX)Tj , a{X) G C°°(A/)} , 

while the second is the subalgebra of infinitesimal strict contact transformations 

(5) con(A/, ri) = {X e X{M) \ £xV = 0} . 

Let T{D) denote the smooth sections of the contact bundle D. Then 
Lemma 3.2. 

rCD) n con(M,D) = {0}. 

Proof. Let X € VifD) n con(7\/, Ti), then we have 

fxv = £xv = d{ii{X)) +XAd-n = XAdii 

for some smooth function fx- Evaluating on ^ gives fx = since ^ is the Reeb 
vector field of 77 implying that X Adrj = {) which in turn implies that X = by the 
non-degeneracy oi drj onTi. □ 

Now a choice of contact form 77 in gives a well known Lie algebra isomor- 

phism between con(M, D) and C°°(M) given explicitly by 

(6) X ^ rj{X) 

with the Lie algebra structure on C°°(M) given by the Poisson-Jacobi bracket 
defined by {/, g} ~ i]{[Xf,Xg]). Then one easily sees that the subalgebra con(Af, 77) 
is isomorphic to the subalgebra of S-invariant functions C°°{M)". Moreover, we 
have 

Lemma 3.3. con(A/, r/) is closed in con(M, D). 

Proof. Using the isomorphism © we have con(A/, 77) w C°°(A/)" = ker^ as a 
differential operator. Any differential operator is continuous in the Frechet topology. 
So ker^ is closed, and the result follows by the isomorphism ([5]). □ 

The following result is well known. 

Proposition 3.4. Let (Af, D) be a contact manifold. For each choice of contact 
form rj, the centralizer of the Reeb vector field ^ in con(Af , 2?) is precisely 
con(Af, 77). 

Proof. This follows easily from the following lemma and the isomorphism (jB]). □ 
Wc also have 

Lemma 3.5. Let (A/, X)) be a contact manifold. Then 
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(1) c con(A/,D), 

(2) Let ^ e and X e con{M,V). Then [^,X] = if and only if 
Proof. We have 

from which the only if part fohows immediately. Conversely, £,{ri{X)) = implies 
that \^,X] is a section of D. But also [^,X] G con(M, D), so the result follows by 
Lemma 13.21 □ 

The identification between the Lie algebra con(M, D) and C°°{M) can be thought 
of formally in terms of moment maps. For any contact form 77 in £"'"(2)), we define 
a map : M >con{M, D)* (the algebraic dual) by 

(7) =77(X)(x). 

Moreover, if rj' = frj is any other contact form in £+(!)), then /^,,/ — fUri, and it is 
equivariant in the sense the for any (j) G £on(A/, 2)), wc have Ad^/^j, = A*0*r) ~ ftpfJ-n 
where is defined by <p*r] = f,j,r]. 
We also have 

Lemma 3.6. Let (M, D) be a compact contact manifold. Then 

(1) Ji~^('D) is an open convex cone in con(M, D). 

(2) is an invariant subspace under the adjoint action of€on{AI,'D) on 
its Lie algebra con(A/, D). 

(3) Every choice of rj € £+(2)) gives an isomorphism ofJi^{'D) with the cone 
of positive functions C°°(M)+ in C°°{M). 

Proof. (1) was proven in |Boy08| . To prove (2) we recall that the adjoint represen- 
tation of any Lie group on its Lie algebra is defined by Ad^{X) = (L^o R^-i)^,X = 
{R^-i)^X. Thus, for £ 3^+(D) we have 

77(Ad^(e')) = /0-ir/(C')°r' >0. 
(3) is clear from the definition. □ 

3.3. Frechet Lie Groups. The next result shows that £on(M, ry) is a closed 
Frechet Lie subgroup of £on(M, D). In particular, it implies that £on(M, 77) is a 
Frechet Lie group for any contact form 77, a general proof of which I have been 
unable to find in the literature (when rj is regular it is Theorem 7.3 in |Omo97| ). 

Proposition 3.7. Let (A/, D) be a compact contact manifold. Then for any con- 
tact form r] the subgroup £on(Af , r/) is a closed submanifold 0/ £on(A/, 2)). Hence, 
£on(A/, 77) is a Frechet Lie subgroup 0/ £on(Af, 2)). 

Proof. We need to show that £on(Af, 77) is a Frechet submanifold of €.on{M,T>). 
Since contact structures are first order and we are working in the C°°-Frcchet cat- 
egory, checking C^-closeness is enough to imply C°°-closeness. The proof uses the 
construction of local charts due to Lychagin |Lyc75[ |Lyc79| as presented in [Ban97) . 
This construction is an adaptation of an argument of Weinstein in the symplectic 
category. Choosing a 1-form rj, one identifies an element 4> € £on(Af , 2))+ with its 
graph viewed as a Legendrian submanifold of the contact manifold M x M x R+ 
with contact form a = rirlr] — 'K2ri , where tt^ is the projection onto the first (second) 
factor for i = 1(2), respectively, and r is the coordinate of R"*". Then {M,ri) is a 
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Legendrian submanifold of the contact manifold (M x M x R, a) precisely when 
the graph of a difFeomorphism is the graph of a contactomorphism, i.e. given by 
T^{x) = {x, 4i{x), fip{x)). Notice that the graph of the identity map is Fid = A x {1}, 
where A is the diagonal in M x M. Locally one then models this in terms of Legen- 
drian submanifolds of the 1-jet bundle J^{M). Here submanifolds are Legendrian 
with respect to the canonical 1-form 9 on J^{M) precisely when the sections of 
J^{M) are holonomic, that is, the 1-jets of a function. So there is a contactomor- 
phism ^ between a tubular neighborhood ]\f of A x {1} in 71/ x A/ x M+ and a tubular 
neighborhood V of the zero section in J^(A/) which satisfies 'i>*d = a = r-Kli] — 712^1- 
So if [/ is a neighborhood of the identity in £on(A/, D), there is a diffeomorphism 
O between U and the subspace of DnT consisting of Legendrian submanifolds in 3\f 
defined by 0{(j)) = F^. Composing this with 4* gives a diffeomorphism 5* o 6* from 
U to the subspace of holonomic sections of J^{M) in V given by 

(8) ^oeiq^)^j\F^) 

where the function is uniquely determined by (f). 

As a Frechet space £on(Af, D) is modelled on the Frechet vector space con(M, D), 
and £on(Af , ij) is modelled on the Frechet vector space con(Af, ry) which is closed 
in con(Af , D) by Lemma [3.31 However, by the isomorphism ([5]) it is convenient to 
use the vector space C°°{M) as the local model. The reason being that we can 
identify C°°{M) with the holonomic sections of J^(Af), that is, we view C°°(M) as 
the subspace of holonomic sections C°°{M) C F(A/, J^{M)) with the identification 
F o j^{F). This gives a diffeomorphism 4* o 6* between U and a neighborhood of 
zero in C°°{AI) which provide the local charts for £on(M, D). 

Now let e e:on(M,77), then F^ e C°°(A/)". Consider tF^ e C°°(A'/)" for aU 
t G [0, 1], and let (/>( denote the contactomorphism corresponding to j^(tF^) under 
the diffeomorphism (4' o Then (j)Q = id and 0i = (j). Since tF^ is C^-close to 

for all t e [0, 1] and j^{F^) is C^-close to 0, we have 

\\Dj'{tF^)\\<\\Dj'{F^)\\<e, Vte[0,l] 

whenever (/> is C^-close to the identity in £on(A/, D). So tj^{F^) E V, implying that 
0t = (* o e)-'^{tj^{F^)) is in U. Now since 

^{r^j=j\tF^)eC^{Mf, 

F^j must have the form T^^(x) = (x, (j)t{x),l) for all t e [0,1] which implies that 
(t>t e U n £on(M,7?) for aU t € [0, 1]. This shows that ^> o e{U D €on{M,i])) = 
^' o Q{U) n con(M, rj) which implies that €.on{M, 77) is an embedded submanifold of 
G:on(A/,'ri). □ 

3.4. Tori in £on(Af, 23). Next we mention an important observation of Lerman 
[Ler02al IBG08| concerning Lie group actions that preserve the contact structure. 
Here I state this only for the case at hand, namely, compact Lie groups. 

Lemma 3.8. Let (A/, D) be a compact contact manifold, and let G be a compact Lie 
subgroup of <tono{M , T)) . Then there exists a G-invariant contact form rj € £+(D) 
such that D = ker 77, or otherwise stated: there exists a contact 1-form rj in the 
contact structure such that G C £on(Af, 77). 

In particular, we are interested in subtori in £ono(Af, D). Such tori are par- 
tially ordered by inclusion, and we are particularly interested in maximal tori in 
G:ono(Af,I>). Recall the following 
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Definition 3.9. A torus T C G is said to be maximal in a group G if T' d G is 
any other torus with T <zT' , then T' = T. 

We are interested in maximal tori of the contactomorphism group £on(il/, T)) of 
a contact manifold M. One should not confuse the definition of maximal given here 
with that of a contact manifold being toric. For such a manifold a maximal torus 
has maximal dimension, namely n + 1 when dim A/ = 2?! + 1. In principal there 
can be many maximal tori, and even having different dimensions. For any torus 
T we denote its dimension by r(r). Then for any torus T C £on(A/, 2)), we have 
1 < r(T) < n+ 1. Generally, it may even be true that £on(Af, D) contains no torus. 
But this does not happen for contact structures of K-contact type. We are mainly 
concerned with special types of torus actions introduced earlier [BGOObl IBG08| . 

Definition 3.10. Let {M,D) be a contact manifold. We say that a torus T C 
£on(M, CD) is o/Reeb type if there is a contact 1-form rj in D such that its Reeb 
vector field lies in the Lie algebra t of T. 

If T is a torus of Reeb type then the set of Reeb vector fields with the co- 
orientation of T) fixed that lie in t is the open convex cone t"*" = t n 31~^{D) in i. 
The following which follows directly from Proposition 13.41 was noticed by Lerman 
|Ler02b) : 

Lemma 3.11. If T d €on{M,D) is a torus of Reeb type, then T C €on{M,'q) 
where rj is a contact form of D whose Reeb vector field lies in the Lie algebra t of 
T. 

As we shall see below there can be many such rj. Moreover, they will all give 
K-contact structures, that is: 

Proposition 3.12. A compact contact manifold {M,D) has a torus of Reeb type 
in its contactmorphism group £on(A/, D) if and only if (M, D) is of K-contact type. 

Proof. Suppose (A/, D) is of K-contact type, then the closure of the any Reeb orbit 
is a torus, which by definition is of Reeb type. Conversely, if £on(Af , D) has a torus 
of Reeb type. Lemma 13.111 implies that T C £on(A'/, 77) for some contact 1-form 
77. Let g he a, Riemannian metric compatible with 77. We can integrate over T to 
obtain a T-invariant metric which we also denote by g. But then since the Reeb 
vector field <^ lies in the Lie algebra t a contact metric structure S = {£,, rj, <&, g) will 
be K-contact. since ^ will also leave $ invariant. □ 

Let T C £on(A/, D) be a torus of Reeb type and consider the moment map ([7]) 
restricted to T, that is, /i,, : AI >t* given by 

(9) {ji^{x),r)^rj{r){x) 

where 77 is any 1-form in £(!)) whose Reeb vector field belongs to the Lie algebra t 
of T, and t* is the dual co-algebra. We have 

Lemma 3.13. Let T C £on(A/, D) be a torus of Reeb type. Then G t* is not in 
the image of the moment map jirj' for any rj' G £(23)- 

Proof. Since T is of Reeb type there is an rj G £(23) whose Reeb vector field ^ lies 
in i, so the image jiri{M) lies in the characteristic hyperplane {jiri{x),^) ~ 1. Then 
for any other 77' S £(2)) we have rj' — rj'{£^)rj with rj'{£^){x) 7^ for all x G A/. So we 
have jiTj'{x) = v'{Oi^)l^vi^) fo'" ^-U x G Af proving the result. □ 
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Remark 3.14. It is clear that the lemma fails generally for tori that are not of 
Reeb type. Just take any circle such that 77(t) = has solutions. However, it does 
hold for any toric contact structure whether or not it is of Reeb type |Ler02a| . 

In order to treat the contact 1-forms on an equal footing, we consider the an- 
nihilator D° of 2) in T*M. Choosing a contact 1-form rj trivializes the bundle 
D° « M X R, as well as chooses an orientation of D° , and spUts D° \ {0} = 2)^ U2)° . 

Then as in |Ler02a] we can think of the moment map ([9]) as a map T : D^j. ^t* 

given by 

(10) (T(x,,7),r) = (m,(x),t) =7y(T)(x). 

The image of this moment map is a convex cone in t* without its cone point. Then 
the moment cone C{T),T) is imT U {0}. 

Lerman |Ler02aj also observed that in the case of toric contact structures, a 
choice of norm || - 1| in t* picks out a unique 1-form 77 e such that = 1. 

This works equally well for tori of Reeb type. Let ^ G t"*" and for any 77' S £+(2)) 
set Wnn'W = v'iO^ then the contact form rj whose Reeb vector field is ^ satisfies 
ll^^ll ~ 1, and any other 77' G is given by 77' = ||A*r;'||77. 

We are interested in the set of conjugacy classes of maximal tori in £on(M, D). 
Note the following: 

Lemma 3.15. IfTc £on(A/, D) is a maximal torus of Reeb type then so is Ad^T 
for all 4> G (lon{M,T)). 

Proof. One easily checks that if ^ is the Reeb vector field of rj in i, then Ad^^ is 
the Reeb vector field of (t)*ri in Ad^t. □ 

Definition 3.16. Let (5£t(I') denote the union of the empty set with the set 
of conjugacy classes of maximal tori in ^on{M,'D), and let n{Ti) denote its cardi- 
nality. We let n(D,r) denote the cardinality of the subset (5£T('D,r) of &<Lt{'^) 
of conjugacy classes of maximal tori in £on(M, 2)) of dimension r. Similarly, 
we let ©£ijT(2)) (and 6£i^T(2),r)J denote the subset of &(Lt{D) (respectivly , of 
©£T(23,t)j consisting of conjugacy classes of maximal tori of Reeb type. Then we 
denote by nii{Ti) (respectively, n/j(2),r)j the cardinality of &(Liit{'D) (respectively, 
of ettRTiD, t) )■ Note that 1 < r < n + 1. 

Clearly we have nii(2),r) < n(2),r) and n/j(2)) < n(2)), and all are invariants of 
the contact structure. So wc will sometimes write n([2)]) and n/?([2)]), etc., where 
[D] denotes the isomorphism class of the contact structure 2). Note also that we 
have decompositions 

n+1 n+1 

(11) 6g:t(D) = U g^t{^,v), 6e:flT(D) = |J eaiRTi^,^) 

r=0 t=l 

where we set e€T{T>, 0) = 0. We have also &€rt{Ti, r) c ee:T(2), r) and e^RriD) C 
e€T{T>). 

4. Compatible Almost Complex structures 

Recall from Section 12.21 that the space of compatible almost complex structures 
3(2)) on the contact bundle D can be identified with partially intcgrable strictly 
pseudoconvex almost CR structures. So we think of 3{1^) as the space of all partially 
integrable strictly pseudoconvex almost CR structures (2), J) whose codimension one 
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subbundle oJTM is D. Alternatively, 3(1') can be thought of as the space of all 
splittings D (g) C = f^'^ e 2)°'i where 2)i'"(D°'i) are the ±i eigenspaces of J, 
respectively. The set 3(2)) is given the topology as a subspace of r(Af, End(D)), 
and with this topology we have 

Proposition 4.1. Let (Af , CD) be a compact contact manifold. Then 

(1) The space 3(D) is non-empty and contractible. 

(2) 3(D) is a smooth Frechet manifold whose tangent space Tj3{D) at J £ 
3(D) is the Frechet vector space of smooth symmetric (with respect to g-r,) 
endomorphisms of D that anticommute with J. 

Proof. The proof of (1) is standard and can be found, for example, in [GeiOSj . The 
proof of (2) is straightforward and can be found in |Snio01) . □ 

Following jAGK09| we briefly describe the Kahler structure on 3(D). 

4.1. The Subgroup of Almost CR Transformations. Let (D, J) be an almost 
CR structure on M. We define the group of almost CR transformations by 

(12) e:9l(D, J) e £>iff(M) I (^,D c D, 0, J = J04 . 

If (D, J) is strictly pseudoconvex €.91{'D, J) is known |CM74| iBRWZOi] to be a Lie 
transformation group. Moreover, in this case £*H(D, J) preserves the co-orientation, 
so £fH(D, J) C £on(Af, D)"*". Suppose now that (D, J) is a contact structure with a 
compatible almost complex structure. Then the group £on(Af, D)+ acts smoothly 
on the manifold 3(D) by J i-^. 0» J0~^ for G £on(A/, D)+ and partitions it into or- 
bits. We say that J and J' in 3(D) are equivalent if they lie on the same orbit under 
this action. The isotropy subgroup at J S 3(D) is precisely the group £9^(D, J), 
and it follows from Theorem III.2.2 of jOmo97j that £9^(D, J) is a closed Lie sub- 
group of £on(A/, D)+. The Lie algebra cr(D, J) of £?l(D, J) can be characterized 
as 

(13) cr(D, J)^{X e con(M, D) | £xJ = 0} . 

When the strictly pseudoconvex almost CR structure is integrable, the fact that 
£*H(D, J) is a compact Lie group except for the standard CR structure on the sphere 
S'2"+i has a lo ng and varied history |CM741 Mehffi ISch951 [LeeQej . However, recent 
results [CSOOl IFraOT] in the study of Cartan geometries have now allowed one to 
weaken the hypothesis to that of partial integrability. 

Theorem 4.2. Let (D, J) be a contact structure with a compatible almost complex 
structure on a compact manifold M . Then £9l(D, J) is a compact Lie group except 
when (D, J) is the standard CR structure on 5'^""*'^ in which case £?l(D, J) = 
SU{n + 1,1). 

Proof. By Proposition 12.31 (D, J) is a partially integrable strictly pseudoconvex 
almost CR structure. But according to jCSOO] (see also jArmOSj ) a partially inte- 
grable strictly pseudoconvex almost CR structure is a parabolic geometry with a 
canonical Cartan connection. So the result follows from Theorem 1 of jFraOT] □ 

So when M is compact £9l(D, J) will always be a compact Lie group except when 
M is the standard CR structure on 5'^"+^ which is well understood (cf. |BGS08| 
and references therein). Since £?l(D, J) = SU{n+ 1, 1) in the case of the standard 
sphere, it has a unique maximal torus up to conjugacy. 
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4.2. Conjugacy Classes of Mziximal Tori and Compatible Almost Com- 
plex Structures. Theorem 14.21 allows us to define a map (not necessarily continu- 
ous) as follows: given a compatible almost complex structure J we associate to it the 
unique conjugacy class Ct('D) of maximal torus in £*K(D, J) if dim £9^(2), J) > 0, 
and the empty conjugacy class if dim£9^(D, J) = 0. This in turn gives a conjugacy 
class Ct('I') of maximal tori in the contactomorphism group £on(A/, I)). Indeed, 
we define 

(14) £} : 3(2)) ^©£t(D) by Q(J) = 67(2)) 

which satisfies 

(15) £3(0* J0;') = 0eT(2))(/.-i 

for all (/) e £on(A'/, D). This gives a map from the e:on(A/, 2))-orbits in 3(2)) to the 
set (3£t(2)) of conjugacy classes of maximal tori in £on(Af, 2)), namely 

(16) : a(I')/G:on(M,2)) ^ee:T(2)) given by Q([J]) = C^p). 

As with conjugacy classes there is a grading of 3(2)) according to the rank of 
£5H(2), J). We let 3(2), r) denote the compatible almost complex structures such 
that €S\{T), J) has rank r, with c = understood if £1H(2), J) is finite. Then we 
have 

ri+l 

(17) 3(2))= □3(2), c). 

The map O clearly preserves the respective decompositions, that is, for each c = 
0, . . . , 71 + 1, restricts to a map 

(18) 0r:a(2),r) ^6^7(2), r). 

Clearly the action of £on(A/, 2)) also preserves the grading so we have a map on 
the quotient 

(19) 0r : 3(2), r)/e:on(Af, 2)) ^ee:T(2), r). 

By a standard result (cf. Lemma A. 4 of |Kar99| ) we have 

Theorem 4.3. The maps {14^, il ^) and U9\) are surjective. 

However, it is easy to see that except for the toric case the maps and 
typically are not injective. This is studied further in Sections |7. II and I5H 

4.3. The Group 2lut(iS). Let S = (f, 77, $,g) be a contact metric structure. The 
group 2lut(5) is the group of automorphisms of S defined by 

(20) 

2tut(5) = 2lut(C, r?, $, .9) = e €on{M, 2)) | {^-^^, ^^t?, ^,'^>^:\^*g) = (C, 77, 1>, ff)}- 

We can abbreviate this condition as S"^ = S. Note that 2lut(5) is a compact Lie 
subgroup of £*H(2), J). The following result was given in [BGSOSj for the case that 
S is of Sasaki type, but, in the light of Theorem 14.21 the proof given there works 
equally as well under the weaker assumption that J is partially integrable. 

Theorem 4.4. Let D he a contact structure with a compatible almost complex 
structure J on a compact manifold M . Then there exists a contact metric structure 
S — {^,ri,^,g) with underlying almost CR structure {'D,J), whose automorphism 
group 2lut(iS) is a maximal compact subgroup of £*H(2), J). In fact, except for the 
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case when (D, J) is the standard CR structure on the sphere S*^"^^, the automor- 
phism group 2lut(5) of S is equal to £9^(2), J). Moreover, if (D, J) is of K- contact 
or Sasaki type, we can take S to be K- contact or Sasakian, respectively. 

Proof. By Theorem 14.21 £9l(CD. J) is compact except when (D, J) is the standard 
CR structure on the sphere in which case the result holds by |BGS08j . So when 
(D, J) is not the standard CR structure on the sphere, £?l(D, J) is compact, and 
by Lemma 13.81 we can assume that £?l(D, J) C £on(M, 77) for some 77. But then 
from Proposition 8.1.1 of |BG08j we see that there is a contact metric structure 
S = (^,7?,$,.g) such that 2lut(5) = <Lon{M,ri) n £9^(2), J) = <m{D,J). To prove 
the last statement we notice that if S is of K-contact type, there is a Reeb vector 
field of some rj G £+(2)) in cr(D, J), and the closure of this Reeb field is a torus of 
Reeb type. So the result follows from Lemma [3. Ill □ 

Let (D, J') be another strictly pseudoconvex CR structure on AI with underlying 
contact structure "D. Suppose that both (D, J) and (D, J') are of Sasaki type. 

4.4. Sasaki Cones and the Sasaki Bouquet. The Sasaki cone was defined in 
|BGS08| (Definition 6.7)0 to be the moduli space of Sasakian structures whose 
underlying strictly pseudoconvex CR structure is (D, J). The construction goes as 
follows: fix an almost CR structure of K-contact type, (2), J), and let 7y be a contact 
form representing 2) (with a fixed co-orientation). Define cr+(2), J) to be the subset 
of the Lie algebra cr(2), J) defined by 



The set cr"'"(2), J) is a convex cone in cr(2), J), and it is open when Ad is compact. 
Furthermore, cr"'"(2), J) is invariant under the adjoint action of £*H(2), J), and is 
bijective to the set of K-contact structures compatible with (2), J), namely 



(Recall that a contact metric structure S = (■^,7?, $,5) with underlying almost CR 
structure (2), J) is K-contact if and only if the Reeb vector field ^ e cc(2), J).) We 
have 

Definition 4.5. Let (2), J) foe a strictly pseudoconvex almost CR structure of K- 
contact type on a compact manifold M . The Sasaki cone is defined to he the 
moduli space of K-contact structures with underlying CR structure {T>,J), that is 



So the Sasaki cone is an invariant of the underlying strictly pseudoconvex almost 
CR structure. Although different in nature, it plays a role similar to the Kahler 
cone in Kahler and almost Kahler geometry. If the transverse almost complex 
structure J is integrable, then the Sasaki cone k(2), J) is the moduli space of all 
Sasakian structures with underlying CR structure {D, J). This is the case treated 
in |BGS08| . It is convenient to give a description of the Sasaki cone in terms 
of maximal tori. Let G be a maximal compact subgroup of £*K(2), J), and fix a 
maximal torus T C G. Let W(2), J) denote the Weyl group of G, t the Lie algebra 

"'in IBGS08I the Sasaki cone was defined for Sasakian structures, but the notion clearly holds 
also for K-contact structures. 



(21) 



cc+(2),J) = {e'ecr(23,J) \ii{O>0}- 



(22) 




S = (^, T],^,g) : S a. K-contact structure 
(kerr?,* Ikcrr,) = (2), J) 



k(2), J) = X{D, J)/e:<K(D, J) = cr+(2), J)/e:<K(2), J). 
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of T and define t+(2), J) = tn cr+(D, J). By abuse of terminology I often refer to 
t^(CD, J) as the Sasaki cone, or perhaps more precisely the unreduced Sasaki cone. 
Note that V^iD, J) is the dual cone to the interior of the moment cone. 

Choosing a representative torus in its conjugacy class, we have the identification 

(23) k(23, J) J)/W(D, J). 

When the CR structure is fixed the Reeb vector field uniquely determines the K- 
contact (Sasakian) structure. However, somewhat more holds. 

Lemma 4.6. Let (D, J) and (CD, J') be CR structures of K-contact type, and sup- 
pose that 0(J) = £1{J'). Then k(T>,J') « k{T>,J), where the equivalence « is 
induced by conjugation. 

Proof. The Lie algebras i and t' of the maximal tori T and T' are conjugate under 
an element of £on(M, 2)), and one easily sees that this implies that their Weyl 
groups W and W are also conjugate. Furthermore, the positivity condition only 
depends on the conjugacy class. So the result follows by using the identification 

(ESI)- □ 

It is convenient to give 

Definition 4.7. We say that J, J' e 3(2)) are T-equivalent if Q{J) = £l{J'). 

Lemma 14.61 allows us to define a certain configuration of K-contact structures 
associated to a given contact structure of K-contact type. 

Definition 4.8. Let 3t(D) denote the set of all T-equivalence classes of almost 
complex structures in 3(D) . We define the (complete) bouquet of Sasaki cones 
®(D) as 

|Jk(2), Ja) 

a 

where the union is taken over one representative Ja in each T-equivalence class in 
3TiD). If A C 3t{1)), we say that 

Syi(2)) = U k(D, J„) 

aeA 

is a bouquet of Sasaki cones and if the cardinality of A is N we call it an N- 
bouquet and denote it by *8Ar(2)). // the N -bouquet is connected and all Sasaki 
cones contain the Reeb field ^, we say that Sat (CD) is an A^-bouquet based at ^. 

Clearly a 1-bouquet of Sasaki cones is just a Sasaki cone. As we shall see the 
Sasaki cones in *B('r') can have varying dimension. Also of interest are the con- 
nectivity properties of *8(D) and *8yi(CD). For example, the iV-bouquets described 
in |BoylO| are connected; however, nothing is known about the connectivity of the 
complete bouquet. From the construction of the bouquet we have 

Lemma 4.9. The number of cones in a complete bouquet is nii{Ti) while the number 
of cones of dimension x is ni^(CD,r). 

Note that any K-contact structure has a torus of Reeb type in its automorphism 
group. Since any regular (even quasi-regular) contact structure has a compatible 
K-contact structure jBGOSj , the following theorem generalizes a result of Lerman 
[Ler02b| . But first I restate a lemma for K-contact structures which was stated and 
proved for the Sasakian case in |BGS08| . It is easy to see that the proof given there 
works as well for the more general K-contact case. 
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Lemma 4.10. Let (D, J) be an almost CR structure of K- contact type on M. For 
each S G 3C(2), J), the isotropy subgroup 2lut(5) C €D\{D, J) at S satisfies 

fl 2lut(5) = Tfe . 

<Se3C(D,J) 

In particular, Tk is a maximal torus contained in the isotropy subgroup of every 
S G 3C(X>, J). 

Theorem 4.11. //£on(A/, CD) contains a torus T of Reeb type, then there is a 
quasi-regular K-contact structure S = (^,77, $,5) with rj in T) and T C 2lut(5). 
Moreover, T is contained in a maximal torus T„i of Reeb type lying in 2lut(5) and 
Tm is maximal in £oTi(M, 2)). 

Proof. By Lemma 13.111 the torus T is a subgroup of £on(M, 77) for some contact 
form r] representing the contact structure 2). Let 5 be a Riemannian metric that 
is compatible with 77. By integrating over the torus T, we can assume that g is 
invariant under T, but generahy we lose compatibility. However, since T contains 
the flow of the Reeb vector field ^, the characteristic foliation 3^^ is Riemannian, 
and as in Theorem 1 of jRuk95| we obtain a ^-invariant compatible metric, and 
hence, a K-contact structure S = (^, rj, $, g). But since both g and tj are invariant 
under the whole torus T, so is $. Thus, T is a subgroup of 2lut(iS). 

However, generally rj may not be quasi-regular. If it is we are done, so assume 
that r] is not quasi-regular. Since (M, 77) is of Reeb type, the Reeb field lies in the 
Lie algebra t of T, and the closure of its leaves is a subtorus T' of T of dimension 
greater than one. Then the Sasaki cone has dimension larger than one, and the 
K-contact structure belongs to an underlying almost CR structure (D, J). So by 
the Approximation Theorem |Ruk95j (see also Theorem 7.1.10 of |BG08| ) there 
is a sequence of quasi-regular K-contact structures Sj with underlying almost CR 
structure (D, J) that converges to S. Moreover, T is contained in a maximal torus 
Tjn of 2tut(5) which by Lemma l4.10l is the maximal torus for all K-contact structures 
in the underlying almost CR structure (D, J). Since the Reeb vector fields of Sj 
all lie in the Sasaki cone associated to {D, J), we can take any of the Sj as our 
quasi-regular K-contact structure. 

For the last statement it suffices, by Lemma |3. Ill to prove that Tm is maximal in 
£on(M, T]). Suppose that Tj„ C T^j with dimT^ > dimT^. Then by averaging over 
the compact group T^^ we can find a compatible K-contact metric g' with the same 
underlying almost CR structure {V,J) such that C 2tut(5'). This contradicts 
Lemma 14.101 □ 

We have an immediate 

Corollary 4.12. If D is a contact structure of K-contact type, then the image of 
the map Q : 3(1') 5-©£j'(2)) is non-empty and contains GCuxi'D) . 

Remark 4.13. As far as contact invariants are concerned it is worth mentioning 
the recent result in |NP07j which says that any contact structure D with nfl (D) > 1 
must be symplectically fillable. 

5. The Symplectomorphism Group of a Symplectic Orbifold 

5.1. A Brief Review of Orbifolds. Let us recall the definition of a diffeomor- 
phism of orbifolds. Here I follow |BG08] which in turn relies heavily on [MP 9 7] . and 
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refer to these references for the precise definition of an orbifold. Suffice it to say that 
an orbifold X is a paracompact Hausdorff space X together with an atlas of local 
uniformizing charts (Ui,Ti, ipi) where Ti is a finite group acting effectively on the 
local uniformizing neighborhood Ui « IR" and (pi : Ui — >ip{Ui) induces a homeo- 
morphism between Ui/Ti and Ui = Lpi{Ui). Moreover, these charts patch together in 
an appropriate way, that is, given two such charts {Ui,Ti, ipi) and {Uj, Fj, ipj) there 
are smooth embeddings Xij : Ui — >Uj, called injections that satisfy ipj o Ay ~ ipj. 

Definition 5.1. Let X = {X,U) and ^ = (F, V) be orbifolds. A map f : X — >Y 
is said to be smooth if for every point x ^ X there are orbifold charts {Ui,Ti,ipi) 
about X Cz Ui = (p{Ui) and {Vj, $j, ipj) about f{x) ^Vj— i^iVj) such that fij — f\ij. 
maps Ui into Vj and there exist local lifts fij : Ui — >Vj satisfying il'j^fij = fij°^i- 
An orbifold diffeomorpiiism between X — {X, 11) and ^ = {Y, V) consists of 
smooth maps f : X — >Y and g : Y — >X such that fog — ly and g o f = 1^, 
where Ix , ly are the respective identity maps. 

One problem with this definition is that there is an ambiguity concerning the 
choice of lifts, and correspondingly the choice of homomorphism (/jj)* : F — 
Considering different choices of lifts as giving different orbifold maps gives rise to 
what is referred to in |BB021 IBB06| as unreduced orbifold maps. Whereas, if one 
considers just the maps / as long as smooth lifts exists, one obtains the set of 
reduced orbifold maps. The latter is the usual interpretation of orbifold maps, and 
this is the convention that I follow. 

Example 5.2. An orbifold diffeomorphism is generally a stronger notion than a 
diffeomorphisni of manifolds. For example, consider the weighted projective lines 
CP(p, q) = S^{p,q) where p and q are relatively prime integers satisfying p < q. 
Each has a natural complex orbifold structure. But for any such p and q, CP(p, q) 
is isomorphic as smooth projective algebraic varieties to the projective line CP^, so 
they are all diffeomorphic as smooth manifolds to the 2-sphere S^. However, they 
are not diffeomorphic as real orbifolds. 

Let us consider the case y = X. Then we define 

(24) Diff(X) = {/ : X s^X | / is an orbifold diffeomorphism} 

and the 'unreduced' group "DiffuiX) is defined in the same way, except now one 
considers different local lifts as giving different maps /. It is easy to sec that both 
J)iff(X) and S)iff[j(X) form a group under composition of maps. So when X is com- 
pact there is a finite normal subgroup <8 of 2)iff„(X) consisting of the set of all lifts 
of the identity map. An original choice of lifts in each uniformizing neighborhood 
defines the identity in © and J)iffti(X) so that (S|^. = F^. So we have an exact 
sequence of groups jBB06j 

(25) 11 >Q5 ^I)iff„(X) >T)iff{X) >1. 

Moreover, again when X is compact, S)iff„(X) has the structure of a Frechet man- 
ifold |BB02[ IBB06| modelled on the space of smooth sections of the tangent orbi- 
bundle. Recall that orbifolds have a natural stratification determined by their local 
isotropy groups, and Diff(X) preserves the strata. 

Example 5.3. Continuing with Example 15.21 take X = S'^{p,q) and consider the 
unreduced diffeomorphism group D\ffu{S^{p, q))- For each of the pq choices of hfts, 
we have a diffeomorphism of S*^ which fixes the two singular points, say the north 
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and south pole. So T)iff{S^{p,q)) is the quotient group Diffu{S'^{p,q))/'^pq whieh 
can be identified with a subgroup of !Diff(S'^) that fixes these two points. This 
is the reduced orbifold group in the terminology of Borzellino and Brunsdcn. cf. 
CoroUary 2 of [BB06j . 

5.2. Symplectic Orbifolds. Symplectic orbifolds seem to have first been consider 
by Weinstein |Wei77| . 

Definition 5.4. A symplectic orbifold (X,cj) is an orbifold X together with a 
symplectic form uoi on each local uniformizing neighborhood Ui that is invariant 
under Ti and satisfies A*j(wj|>,^.((7;)) = uJi. 

Let (X, uj) be a symplectic orbifold, then we define the group of orbifold sym- 
plectomorphisms by 

(26) ©r)m(X, w) = {/ e £>iff(X) | f*Lj = uj}. 

This just means that if fij : Ui >Uj denotes the local lift of / to Ui, we have 

fijtOj = UJi. Since working on orbifolds means working equivariantly with sheaves 
or bundles on the local uniformizing covers, and invariantly with their sections, most 
of the standard results for symplectic manifolds also holds for symplectic orbifolds, 
so we shall only give details when differences occur. Of course, we also have the 
unreduced group ©r)m„(X, w) where lifts of the identity give rise to different maps. 
In this case one works with smooth sections Wj, not necessarily invariant ones. We 
need to assure ourselves that Wcinstein's local charts (cf. jMS98j . pg 103) for the 
symplectomorphism group works equally well for orbifolds. Recall that his proof 
involves identifying a neighborhood of the zero section in T* M with a neighborhood 
of the diagonal in M x M regarding M as a Lagrangian submanifold of M x M with 
symplectic form (— w) ®uj. This follows in turn by identifying the normal bundle of 
M in M X M with the tangent bundle TM. But the construction of normal bundles 
and the identification of a neighborhood of a suborbifold with a neighborhood of 
the zero section of its normal bundle are natural, and as discussed in |LT97j works 
equally well for orbifolds. 
Summarizing we have 

Proposition 5.5. Let (23, oj) be a compact symplectic orbifold. Then there is a 
diffomorphism between a neighborhood of the identity in &t)m{X,uj) and a neigh- 
borhood of in the vector space of closed & -invariant sections of the orbibundle 
T*'B. 

Proof. Given the discussion above, the proof in jMS98| goes through for orbifolds 
with one caveat. We need to be mindful of the fact that it is the unreduced group 
that is modelled on the vector space Z^{'B) of closed 1-forms of the orbibundle 
T*'B. The group 25 in the exact sequence is the direct product of the local 
uniformizing groups F on each uniformizing neighborhood. Since 23 is compact & is 
finite, and on the vector space level we conclude that the reduced group 6r)m(X,a;) 
is modelled on the vector space Z^(23)® of ©-invariant sections. □ 

Then as in the manifold case we have 

Corollary 5.6. Let (23, w) be a compact symplectic orbifold. Then the group 
©r)m(23,a;) is locally path-connected. 
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Let 6151110(23,0;) denote the subgroup of &t)m{'B,u!) connected to the identity. It 
follows from Corollary 15.61 that for each / € Sr)mo(23,u;) there is a smooth family 
{ft} C (3r)mo('B, w) satisfying /o = 1 and /i = /. Moreover, there are smooth 
vector fields Xt (smooth invariant sections of the orbibundle T23) such that 

(27) j^ft = Xt o 

Since the ft are symplectomorphisms the vector fields Xt are symplectic, that is, 
satisfy d{XtJuj) = 0. Equation (f27|) also holds in the case of smooth (not necessarily 
invariant) sections of T23 in which case ft are elements of the unreduced group. 

5.3. Hamiltonian Isotopies. If the 1-forms Xt J oj are exact for all t we have 
smooth functions Ht , called Hamiltonians, that satisfy Xt J uj — dHt . The family 
{ft} is then called a Hamiltonian isotopy. A symplectomorphism / G 6r)m(25,aj) is 
called Hamiltonian if there is a Hamiltonian isotopy ft such that /o = 1 and fi ~ 
f. We denote by Sjam{'B,uj) the subset of all Hamiltonian symplectomorphisms. 
Moreover, the set of vector fields Xh satisfying Xn-ioJ = dH forms a Lie subalgebra 
f)am(!B,w) of sf)m('B,a;), called the Lie algebra of Hamiltonian vector fields. It is 
easy to see that Sjam{'B,uj) is a normal subgroup of 6r)mo('B, w). In the manifold 
case there is a well-known exact sequence 

(28) >Sjam{B,uj) >&{)mo{B,uj)^U H^{B,R)/r^ ^0 

for some discrete countable subgroup F, and it is easy to see that this also holds for 
compact symplectic orbifolds. The construction of passes to the universal cover- 
ing groups and uses the fact that such groups are realized by homotopy classes of 
smooth paths with fixed endpoints (see [Ban97 , MS98j for details). The discreteness 
of is one formulation of the so-called Flux Conjecture which has been recently 
proved by Ono |Ono06| . It seems plausible that this also holds in the orbifold case, 
but we do not need it, since it is known to hold when the cohomology class [to] is 
rational. So we need only verify it for compact symplectic orbifolds with a rational 
cohomology class. The importance of the Flux Conjecture is that it is equivalent 
to the group i3am(23,a;) being C^-closed in 6t)mo('B,w). 

Proposition 5.7. Let (23, w) be a compact symplectic orbifold with [lj] E H'^{B,Q). 
Then the group T^^ is discrete, and Sjam{'B,iu) is C^-closed in 6r)mo('B,a;) and a 
Frechet Lie subgroup whose Lie algebra is f)am(53, cj). 

Proof. As in the manifold case the proof of the first statement follows from the 
definition of the flux map iJ[ (see pg 324 of |MS98| ). The proof of the second state- 
ment is essentially the same as in Proposition 10.20 of jMSQSj with the only caveat 
being that we work with invariant forms on the local uniformizing neighborhoods 
of the orbifold. □ 

Proposition 5.8. Let (23, a;) be a compact symplectic orbifold with [lo] G -ff'^(23,Q). 
Then there is a diffomorphism between a neighborhood of the identity in joam(23,a;) 
and a neighborhood of in the vector space i?^(23)® of & -invariant exact sections 
of the orbibundle T*'B. 

Proof. Using uj we can identify _B^(23)® with f)atn(23, w). Since the class [oj] is ratio- 
nal, Proposition l5 . 7l implics that joam(23, w) is a closed Lie subgroup of 6r)mo(23, w), 
and thus, an embedded submanifold. So the Weinstein charts for f)am(23,a;) are 
obtained by intersecting the Weinstein charts of (3r)mo(23,aj) with S)am{'B,uj). □ 
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6. CONTACTOMORPHISMS AND SyMPLECTOMORPHISMS 

6.1. K-Contact Structures and Symplectic Orbifolds. Now suppose that S ~ 
77, $, g) is a quasi-regular K-contact structure on a compact manifold M, then by 
Theorem 12.71 the space of leaves M/J"^ = B has the structure of an almost Kahler 
orbifold (23, w) such that M is the total space of an orbibundle over ® with 
Kahler form a; satisfying tt*uj = dij. Let cj) G (31)171(23, w) be a symplectomorphism, 
so that 4)*u) = Lo. However, as in Corollary 8.1.9 of |BG08| it is only the Hamiltonian 
symplectomorphisms ioam(23,cj) that lift to contactomorphisms of M. The next 
theorem generalizes a result of Banyaga |Ban78| . 

Theorem 6.1. Let S — {^,ri,^,g) be a quasi-regular K-contact structure on a 
compact manifold M. Then there is an isomorphism of Frechet Lie groups 

e:on(M, 77)o/S«i3am(S,w), 

where S w S''^ is the central one-parameter subgroup generated by the Reeb vector 
field. 

Proof. It is well known that S is central, and since S is quasi-regular, it is a closed 
Lie subgroup of £on(A/, if)Q which by Proposition 13 . 71 is a Frechet Lie group. So we 
have an exact sequence of Lie groups 

11 >€on{M, 77)0 >1on{M, 77)0/2 >t. 

I want to identify £on(M, 7/)o/S with ioam(23, cj). Let / € £on(Af, 7y)o/S and con- 
sider the orbifold submersion tt : AI — >B whose fibres are the orbits of S. Define 

a map / : B >B by tt o / = ./ o tt. Since 5 is central, / is well defined, and it 

is easy to check that the map ^{f) ~ f is injective and a group homomorphism. 
I claim that / G f)am('B,a;). First we show that / is an orbifold diffeomorphism. 
Let xo S M be a point with isotropy subgroup Gxq under the S*^ action. By the 
slice theorem there is a neighborhood of Xq of the form U x where U is Gx^- 
invariant. (Note that since Gxg is a subgroup of it is necessarily cyclic). Then 
{U, Gxq, </?) is a local uniformizing neighborhood for the orbifold 23, where Lp is de- 
fined by </?(i) = 7r(i,t) = 7r(a;). Since / is S'-'^-invariant its restriction to U "x. 
provides the necessary smooth lift of /. This shows that / is a smooth orbifold map. 
But since / is a diffeomorphism we can apply the same reasoning to showing 
that / is an orbifold diffeomorphism. To see that v{f ) = f G ©r)m(23,aj)o we check 
that f*uji ~ LOi on each uniformizing neighborhood. This follows easily from the 
relations f*ri = 7], the definition of /, and 7r*aj = drj. 
To proceed further we consider the Lie algebras. 

Lemma 6.2. There is an isomorphism of Lie algebras con(A/, 7/)/g^ w fiam(23, oj). 

Proof. A choice of contact 1-form 77 gives a well-known isomorphism X 1—^ vi^) 
between con(M, 25) and the smooth functions C°°{M) with Jacobi bracket defined 
by {/, 5} = "nii^fT^g])- Under this isomorphism the subalgebra con(M, 7;) maps 
to the S-invariant smooth functions C°°(M)", and the subalgebra C con(M, 77) 
maps to the constant functions. But there is an isomorphism between C°°(M)" and 
the smooth functions C°°(23) on the orbifold 23. To see this we remark that local 
uniformizing groups of 23 are precisely the isotropy groups of the S action on M, the 
S invariant smooth functions on M push down to functions on B with smooth lifts 
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to the local uniformizing neighborhoods U. Conversely, it is precisely these functions 
that puUback to S-invariant functions on M. So we also have isomorphisms 

con{M,7])/g^ w C°°(A/)-/{constants} w C°°(!B)/{constants} w fiamCB,^), 

which proves the result. □ 

Continuing with the proof of Theorem 16.11 we see from the lemma that the 
Frechet Lie group £on(Af, 7?)o/S is modelled on con{M , -q) / sa fiam(S,cj). So 
there is a local isomorphism of Frechet Lie groups £on(M, ?7)o/S « S^am{'B,u!). But 

since the map ly : £on(M, 7;)o/S ^(3r)m('B,ti;)o is a monomorphism of Frechet Lie 

groups and S)am{'B,uj) is connected the result follows. □ 

Alternatively, we say that £on(M, 77)0 is an central extension of S)am{'B,uj), 
that is, we have an exact sequence of groups: 

(29) 1 >E >€on{M, 77)0 — %i?am(S, oj) >1. 

Isomorphism classes of such extensions are classified by the cohomology group 
H-^{Sjam{'B,uj), S^). However, little is known generally about this group, especially 
in the orbifold case. If the base i? is a smooth manifold and w defines an integral 
cohomology class, then S)am{B, lu) is known to be simple |Ban78| , so its Lie algebra 
f)atn(-B,cj) is simple implying that the Lie algebra cohomology {i)am{B , uj)) = 
by a well-known theorem of Whitehead. Thus, the exact sequence of Lie algebras 
splits 

>R ^con(A/, 77) >t)am{B,uj) ^0 

giving con(Af, ry) sa M x t}am{B, u). However, what concerns us is lifting tori, so this 
is what we now turn to. 

6.2. Lifting Tori. Given a quasi-regular K-contact structure on M, wc want to be 
able to lift Hamiltonian tori to obtain tori in the contactomorphism group of M. 

Proposition 6.3. Let S ~ (C^i'J'iS) quasi-regular K-contact structure on a 
compact manifold M . Then any torus T C ioam(!B, w) lifts to a torus p~^{T) in 
£on(Af, 77)0 where p is the map defined by the exact sequence (|29p. Furthermore, T 
is a maximal torus in S)am(T), ui) if and only if p~^{T) x E is a maximal torus in 
(Lon{M,Ti). 

Proof. The proof of the first statement is essentially that given in |Ler02b| . Let T 
be a Lie subgroup of SjamCB^uj) that is isomorphic as an abstract Lie group to a 
finite dimensional torus. We know how to lift vector fields in the Lie algebra t of T 
at least in the case of smooth manifolds. But the same method works for orbifolds 
since vector fields in f)am(23,cj) are invariant under the local uniformizing groups, 
that is under 6. (The action of tori on orbifolds has been studied by Haefliger and 
Salem [HSQlj ). So let X € t and look for a vector field X E con(A/, 77) that satisfies 

= £_^-77 = XJdr] + d{ri{X)) = X'' J dri + d{r]{X)) 

where X'^ is the horizontal lift of X. Generally there is an obstruction to solving this 
which lies in the basic cohomology group iJ^(3^^). However, since X is Hamiltonian 
this obstruction vanishes. Indeed, we have X J oj = —dH for some ©-invariant 
smooth function H. But also X^ A drj = tt* {X A u) ~ —Tr*dH = —diT*H. So we 
get a solution by taking r][X) = tt*H. Let {Xi}i be a basis of for i consisting of 
periodic Hamiltonian vector fields and let Hi be their Hamiltonians. Since the XiS 
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commute the HiS commute under the Poisson bracket. But then the corresponding 
functions i]{Xi)s commute under the Jacobi-Poisson bracket on M. Thus, their lifts 
Xi commute as well. Furthermore, since r](Xi) is basic for each i, the XiS commute 
with the Reeb field ^. So the lifted Lie algebra spanned by {Xi,^}i is Abelian. It 
remains to show that the XiS are periodic vector fields on M. So let X G t be 
periodic with period r and fix a point p £ M . The loop traced out by X in i? is 
if(t) = {exptX I t G [0,t]} with ^(0) = ^(t) = tt{p). Lifting this loop to M 
gives a path ^{t) = {exptX'' | t e [0,t]} begining at p and ending at a point 
p' £ 7r~^(7r(p)). Since the endpoint is in the same fibre as p we can flow using 
the Reeb vector field from p' to p. But this can be accomplished by ri{X){'K{p'))S_ 
since r]{X) is basic so it is constant along the flow of ^ and ri{X)£^ commutes with 
X''. Since p is arbitrary and Tj{X) is a smooth basic function, X is periodic, and 
generates a smooth circle action on M that preserves ry. Hence, p~^{T) is a torus in 
£on(Af , 77)0 commuting with the Reeb flow. Moreover, if T is maximal in Sjam{'B,uj) 
then p"^(r) X ^ is maximal in £on(M, 77)0, and thus, maximal in £on(il/, D) by 
Theorem □ 

We now have 

Theorem 6.4. Let (25,1^) be a compact symplectic orbifold with [p*u!] € H^^i^{'B , Z) , 

and let tt : M be the orbibundle defined by [lu] . Furthermore, let rj be 

a connection 1-form on M such that Tr*LO = drj and define D = ker?]. Then two 
maximal tori Ti and T2 are conjugate in .^0111(23,0;) if and only if the lifted maximal 
tori p^^{Ti) X S and p~^{T2) x S are conjugate in <ton{AI,Ti). 



Proof. The only if part is an immediate consequence of Proposition [63] and Theo- 
rem l6.ll Now assume that Ti and T2 are not conjugate in ioam(25, w), and suppose 
there is a G £on(Af, D) such that 

Ad^-i(p-i(Ti)xS) = p-i(T2)x5, 

where 77 is the contact form in £(CD) whose Reeb vector fleld is ^. In terms of the 
Lie algebras we have 

(30) Ad^-i(p-i(ti) X 05) = p-\t2) X 0^. 

Choose bases Xq ~ .X^ for p~^{ii) x and Fq = ^,Yi,--- ,yfe for 

p~^{i2) X 0^, respectively. Then Equation pO[) says there are real numbers aij 
such that 

kd^-l{X,)=Y,a^JYJ. 



In terms of the moment map this implies 



k 



?7(Ad^-i {Xi)) = riC^ a.jYj) ^ ^ a^j^l{Yj) = a,o + ^ a,jr]{Yj). 

3 3 j=i 

On the other hand the left hand side of this equation equals (0*r/)(Xi) ~ f^ri{Xi). 
Setting i = gives = aoo + X]j=i '^Oi??(^)i and the coefficients must be given 
such that this is everywhere positive. So the moment maps for the two tori are 
related by 

(31) ,ix,)= '\^ir' , 7 = i,...,fc. 
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Since the Xi and Yi all commute with ^, all these moment maps are basic functions 
on AI. But also Yjf^ = for all j since the YiS commute, and Yj e con(M, 77). 
But then Equation (pi]) implies that Yjri{Xi) ~ for all and this implies that 
ri{[Yj,Xi]) — for all But then Lemma [3.21 implies that [Y,, X^] ~ 0, which by 
maximality implies that ti = t2- This contradicts the fact that Ti and T2 are not 
conjugate. □ 

Recall that to each compatible almost complex structure J G on a contact 
manifold of K-contact type we associate a conjugacy class Ct(^) G Uv>i&^t{D,'^) 
of maximal tori in £on(M, D). Furthermore, a choice of almost complex structure 
J on M gives an almost complex structure J on We are interested in the con- 
verse. Let be a symplectic orbifold with [oj] G 7Jq^^('B,Z) and cyclic local 
uniformizing groups. Let M be the total space of the corrresponding orbibundle 
over 23 obtained by the orbifold Boothby-Wang construction, and assume that the 
local uniformizing groups inject into the 5*^. As in the contact case we denote by 
©£t('23, w) the set of conjugacy classes of maximal tori in the group of Hamiltonian 
diffeomorphisms Joam(23, uj), and by ©£^(2^, r) the subset of conjugacy classes of 
maximal tori of dimension r. We also denote the cardinality of ©£r(!B,a;) by n(a;), 
and the cardinality of ©£t('23, w; r) by n(a;, r), respectively. Notice that if D and w 
are related by the orbifold Boothby-Wang construction then nR{D) > n{uj). Then 
from Proposition [6l3] and Theorem 16.41 we have 



Corollary 6.5. There is an injection l : ©£T(23,a;;r) ^©Crl'Dir + 1). 

Now suppose that (23, w) has a T-invariant almost complex structure J that is 
compatible with lo in the sense that uj{JX^Y) defines a Riemannian metric on 23. 
This gives the orbifold 23 an almost Kahler structure which by Theorem 12.91 lifts 
to a K-contact structure (^,77, $, g) on M where dr] = 7r*LL), and $|d = J which 
is the horizontal lift of J. In analogy with the Section |4] we define to be 

the set of almost complex structures J on the symplectic orbifold (23, oj) that are 
compatible with uj. Let 2lut(aj, J) denote the automorphism group of the almost 
Kahler structure. Since 23 is compact, so is 2tut(ci;, J). Let 3(a;,r) denote the 
subset of almost complex structures such that 2lut(u;, J) has rank r. Then we have 
a function Q^^-c ■ 3(1^, t) !>©£t(2^, w; r) together with a commutative diagram 

a(2),r+l) > ©e:T('D,r+l) 

t t 

t t 


Summarizing we have 

Theorem 6.6. Let (23, oj) be a compact symplectic orbifold with N conjugacy 
classes of maximal tori in its group of Hamiltonian isotopies ioam(23,a;). Suppose 
further that uj defines an integral class in H^^f^{'B, Z) and that the corresponding 
-orbibundle has a smooth total space M . Let r] be a contact 1-form obtained by 
the orbifold Boothby- Wang construction and let ^ denote its Reeb vector field. Then 
the contact manifold (M, 2)) where 2) ~ kerry has an N -bouquet Sat (2)) of Sasaki 
cones based at ^ where N = n(aj). 
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As we shall see by example in Section l873l the cones can have varying dimensions. 

6.3. The Join Construction and Tori. First I briefly recall the join construction 
in |BGO07j which assumed that the structures were Sasakian, but the construction 
works equally well for K-contact structures. In fact, it is convenient to "forget" any 
K-contact or Sasakian structure, and just think in terms of quasi-regular contact 
structures, since that is all that is needed for the construction. We denote by 
%0 the set of compact quasi-regular K-contact orbifolds, by "KM the subset of 
%0 that are smooth manifolds, and by 3? C 3CM the subset of compact, simply 
connected, regular K-contact manifolds. The set 3C0 is topologized with the (7™'" 
topology, and the subsets are given the subspace topology. The set 3C0 is graded 
by dimension, that is, 

oo 

3co = 0aco2„+i, 

n=0 

and similarly for 3CM and "R. 

For each pair of relatively prime positive integers (A:i,/c2) we define a graded 
multiplication 

(33) *k,M ■■ 

as follows: Let Si,S2 G 3C0 of dimension 2ni + l and 27i2 + l respectively. Since each 
orbifold Si has a quasi-regular K-contact structure, its Reeb vector field generates 
a locally free circle action, and the quotient space 23^ by this action has a natural 
orbifold structure. Thus, there is a locally free action of the 2-torus on the 
product orbifold Si XS2, and the quotient orbifold is the product of orbifold Si x'B2- 
(Locally free torus actions on orbifolds have been studied in jHS91| ). Now the 
contact 1-form on Si determines a symplectic form uji on the orbifold 23^, but in 
order to obtain an integral orbifold cohomology class [uJi] £ H'^{'Bi,Z) we need to 
assure that the period of a generic orbit is one. By a result of Wadsley [Wad75| the 
period function on a quasi-regular K-contact orbifold is lower semi-continuous and 
constant on the dense open set of regular orbits. This is because on such an orbifold 
all Reeb orbits are geodesies. Thus, by a transverse homothety we can normalize 
the period function to be the constant 1 on the dense open set of regular orbits. 
In this case the symplectic forms uji define integer orbifold cohomology classes 
[oJi] € i?^^f,(!Bi, Z). This is the orbifold cohomology defined by Haefliger |Hae84| 
(see also jBGOOa] ). Now each pair of positive integers fci,fc2 gives a symplectic 
form fcioji 4- fc2'^2 on the product. Furthermore, [fciWi -|- fc2a;2] € H^rbi'^i ^ 232, Z), 
and thus defines an V-bundlc over the orbifold 231 x 232 whose total space is 
an orbifold that we denote by Si *ki.k2 ^2 and refer to as the {ki, k2)-join of Si 
and ^2. By choosing a connection 1-form rik-^.k2 on Si *ki.k2 ^2 whose curvature is 
7r*(fciCJi + k2L02), we obtain a quasi-regular contact structure which is unique up to 
a gauge transformation of the form 7; i— > 77 + d-ip where ip is a smooth basic function. 
This defines the maps in p3p . When Si are quasi- regular contact structures on the 
compact manifolds Mi, respectively, we shall use the notation Mi-kk^.k2 M2 instead 
of Si-kki.k2 ^2- Notice also that if gcd(fci, k2) — m and we define (fej, fcj) = ■^), 
then gcd(fci,fc2) = 1 and Mi -kkiM ^'^2 ~ {Mi *fe^,fe^ -W2)/Zm- In this case the 
cohomology class fc^wi -|- k'2UJ2 is indivisible in 77^^^(231 x 232, Z). Note also that 
Mi-kki,k2 M2 can be realized as the quotient space (Mi x M2) / S^{ki,k2) where the 
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action is given by the map 
(34) {x,y)^{e'''^'x,e-'''^'y). 

We are interested in the case when the join Mi *ki,k2 M2 is a smooth manifold. 
This can be gaurenteed by demanding the condition gcd(uifc2, '^'2^1) = 1 where Vi 
is the order of the orbifold 

Theorem 6.7. Let ©fei^fea be the contact structure on the {ki, k2)-join Mi-kki,k2 M2 
constructed as described above from the contact manifolds (Mi,Di). Let n{u}i) de- 
note the cardinality of the set (3£T('Bi, W;) of conjugacy classes of maximal tori in 
the group of Hamiltonian isotopies Sjam{'Bi,uji) of the base orbifolds Hi. Then on 
the join M\ *ki,k2 ^2 the cardinality of the set of maximal tori in the contacto- 
morphism group £on(Mi -kk^^ki M2,Dki,k2) satisfies nR^DkiM) > Ti(t^i)n(^^2)- In 
particular, Dki.k2 b,as an N-bouquet of Sasaki cones where N — n(cL'i)n(a;2). 

Proof. Let Ti be a maximal torus in S)am{']ii, LOi). Then the image of Ti x T2 under 
the natural subgroup inclusion 

L : i3am('Bi,a;i) x S^am{'E>2,^2) >9)am{'Bi x 'S>2,ujktM)^ 

where i^kiM ~ fciwi + k2UJ2, is contained in a maximal torus T in f)am{'Bi x 
■32, fci^i +A:2'^2)- Furthermore, if Ti and arc non-conjugate tori in joam('Bi, wi), 
then Ti x T2 and T{ x T2 are non-conjugate in f)am(23i x 'B2,<^fci,fe2) ^iid similarly 
when 1 and 2 are interchanged. It follows that n{ojki,k2) ^ n(cji)n(a;2). The result 
then follows by applying Theorem 16.41 □ 

More can be said in the toric case, for then Ti x T2 is not only maximal, but has 
maximal dimension. So 

Corollary 6.8. The join of toric contact manifolds of Reeb type is a toric contact 
manifold of Reeb type. 

7. Toric Contact Structures and Toric Symplectic Orbifolds 

7.1. Toric Contact Structures. It was shown in |BM93j that toric contact struc- 
tures appear in two guises, those where the action of the torus is free, and those 
where it is not. When the dimension of M is greater than 3, the latter case is 
precisely when the torus is of Reeb type and it was shown in |BG00b| that these 
contact structures are all of Sasaki type. A complete classification of toric contact 
structures was given by Lerman in [Ler02a| (the three dimensional case is some- 
what special). The toric contact structures of Reeb type are classified by their 
moment cones when n > 1 which are certain rational polyhedral cones called good 
cones by Lerman. Here is the construction. Let (M, D,T) be a contact manifold 
of dimension 2n -I- 1 with n > 1 with a non-free action of an [n + l)-dimensional 
torus T = T"+^, A polyhedral cone is said to be 1700^ if the annihilator of a linear 
span of a codimension k face, i.e. a codimension k subspace, is the Lie algebra 
of a subtorus of T"+^, and the normals to the face form a basis of the 
integral lattice Zrp„+i-k of T"+-'^~'^. Moreover, two such toric contact manifolds are 
isomorphic if and only if their polyhedral cones differ by a GL(n + transfor- 
mation. Consider the moment map T : D'^ >t* given by Equation pO)) . The 

image of T is a good polyhedral cone C{D,T). Now recall that the Sasaki cone 
t+(T>,J) is the interior of the dual cone C*{'D,T) to the moment cone C{'D,T). 
For every ^ G k{T), J) the intersection of the hyperplane 77(^) — 1 with the moment 
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cone C{T>,T) is a simple convex polytope P, where a convex polytope is simple if 
there are precisely n codimension one faces, called facets, meeting at each vertex. 
Moreover, ^ is quasi-regular if and only if it lies in the lattice £ of circle subgroups of 
T, so ^ is quasi-regular precisely when the polytope P is rational [BGOObj . In this 
case we let pi denote the outward primitive normal vector to the ith facet. Then 
there is a positive integer rrii such that rriiPi G i for each facet. This give rise to a 
labelled (LT) polytope Plt of Lerman and Tolman |LT97| . This procedure can be 
reversed. That is, starting with any LT-polytope P^t we construct a good rational 
polyhedral cone C{Plt) as follows: 

(35) C{PLT) = {tPLT\t^[Q,^)}. 

Proposition 7.1. C{Plt) is the good rational polyhedral cone associated to the 
K-contact manifold constructed from the almost Kdhler orbifold {Z,oj) by Theorem 

m 

Following Lerman |Ler02a[ ILer03| we have 

Definition 7.2. For i = 1,2 two contact manifolds {Mi,Di,Ti) with an effective 
action of a torus Ti are said to he T-equivariantly contactomorphic or isomor- 
phic if there is a difjeomorphism if : Mi >M2 and an isomorphism 7 : Ti >T2 

such that (p^.'Di ^ D2 and ip{t ■ x) = j(t) ■ ip{x) for all i e Ti and all x G Mi. 

In the case that (il/i,Di) = (M2,I'2) {M,T)), we can identify Ti and T2 as 
subgroups of Con (A/, D) in which case this isomorphism just means that Ti and T2 
are conjugate tori in £on(M, D). 

Identifying Ti = T2 = T the isomorphism 7 : T >T of Definition 17.21 induces 

its differential 7* : t >i which preserves the integral lattice Zy. This in turn 

induces the 'codifferential' (7^^)* : t* ^t* which preserves the dual weight lattice 

"E^ = Hom(ZT,Z). Otherwise stated we have (7^^)* G GL(Zy). We conclude 

Proposition 7.3. Let : (Afi,Di) >(J\'l2,T)2) he a T-equivariant contactomor- 

phism, and let C{T>i,Ti) and C(2)2,T2) denote their respective moment cones. 
Then (7-i)*(C(2)2,T2)) = C(Bi,ri). 

Another rewording is 

Proposition 7.4. Let Ti and T2 he two ahstractly isomorphic tori in £on(A/, T>) 

and let C{Tii,Ti) and C{T>2,T2) denote their respective moment cones. Suppose 
also that there does not exist a linear map L g GL(Z^) such that L(C{T>i,Ti)) — 
C(CDi,r2). Then Ti and T2 are not conjugate in £on(A/, D). 

Lerman }Ler04| has shown how the topology of such toric compact contact man- 
ifolds is encoded in the polyhedral cone. First the odd dimensional Betti numbers 
vanish through half of the dimension, second ■ni{M) is isomorphic to the finite 
Abelian group 11^^ j I where I is the sublattice of Z^n+i generated by the normal 
vectors to the facets, and finally tt2{M) = N — n — 1 where N is the number of 
facets of the polyhedral cone. 

The following is an immediate corollary of Lerman's classification theorem: 

Proposition 7.5. Let (M^"+^,I',T) he a compact toric contact manifold of Reeh 
type with n> 1. Then n_R(D, n -I- 1) = nCD, n + 1). 

Our main theorem concerning toric contact structures says that the map (|19|) is 
injective for r = n + 1 on toric contact manifolds of Reeb type. 
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Theorem 7.6. Let {AI,'D,T) and {M,V,T') be toric contact structures of Reeb 
type on a compact manifold M, and let {T>,J) and CD, J') be their underlying 
CR structures. Suppose further that T and T' are conjugate in £on(Af, CD), so 
£2([J]) ~ i3([J']). Suppose also that rj is a contact form representing T) such 
that S — {^,r],^,g) and S ~ r/, g') are both K-contact with <f>|'X) = J and 
= J'. Then [J] = [J']. 

Proof. First since the structures are toric the ahuost complex structures are inte- 
grablc |BG00b| . By perturbing the K-contact structure we can assume that 77 is 
quasi- regular in which case the quotient Af/S is a symplectic orbifold {Z,uj) with 
symplcctic form lu satisfying t:*u) = drj where S is the circle group generated by 
the Reeb vector field ^. By Theorem 16.41 the tori p{T) and p{T') are conjugate in 
S)am{Z,uj) on (Z,uj). Now the transverse complex structures J and J' project to 
complex structures J and J' on Z. So the toric Kahler orbifolds {Z,uj, J,T) and 
(Z, w, J', T') are equivariantly isomorphic. So by |LT97j their polytopes are isomor- 
phic. In particular, their fans are isomorphic, so by |LT97j they are biholomorphic 
implying that J and J' are equivalent complex structures. Thus, their lifts J and 
J' are equivalent transverse complex structures. □ 

Remark 7.7. Theorem 17.61 docs not hold generally if the contact structure is not 
toric. As we shall see below in Section 18.11 there are many counterexamples when 
dimK(2), J) = 1. 

7.2. Toric Contact Structures of Reeb Type in Dimension Five. For di- 
mension five there is much more detailed information about toric contact manifolds. 
There is the Barden-Smale classification of simply connected 5-manifolds. together 
with the work of Oh [Oh83| that determined which Barden-Smale manifolds ad- 
mit an effective T'^-action. These are precisely the simply connected 5-manifolds 
without torsion, namely, S^, k-io\d connected sums of x S^, the non-trivial S^- 
bundle over S^, and the connected sum of the latter with fc-fold connected sums 
of X S^. An explicit construction for certain toric contact structures on these 
manifolds was given in |BGO07] where it was shown that they are regular and fiber 
over the blow-ups of Hirzebruch surfaces. All of these can be obtained by reduction 
and a classification of all such toric structures from this point of view is currently 
under study. A starting point for this procedure is described in Proposition 11.4.3 
of |BG08| . Here I present several examples that describe the configurations of toric 
Sasakian structures. 

Example 7.8. There are exactly two S''^-bundles over S^. The trivial bundle 
5^ X and the non-trivial bundle denoted by Xoo in Bardcn's notation. I consider 
two types of contact structures 'Dkj^.k2 s-nd 'Di e both labelled by a pair of relatively 
prime integers and whose first Chcrn classes satisfy ci{Dki,k2) 7^ and ci(Di^e) 7^ 0. 
The details of these contact structures, which are based on [KarOS] and |Ler03| . are 
presented in |BoylO| where the existence of extremal Sasakian structures is given. 
The contact structures 2Dfei,fc2 exist on x S''^, whereas, I);,e exists on S*^ x 
if I is even and on X^o if I is odd. We also assumqj fci > fc2 > and ^ > e > and 
put N{ki,k2) ~ and N{l,e) = [j^l where [r] denotes the smallest integer 

The ratio is incorrectly written as in both |BGO07| and |BG08| . It is correct, however, 
in [Boy 10] . 
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greater than or equal to r. For these contact structures there is an A^-bouquet 
of Sasakian structures based at ^, and each cone of the bouquet has an open set 
of extremal Sasakian metrics. In each case exactly one cone of the bouquet has a 
positive Sasakian structure, and the remainder of the cones have indefinite Sasakian 
structures. Moreover, it is known [Pat09| that the contact structures Dk^.k-i a-rc all 
inequivalcnt. Notice that in this case DkiM ^he contact structure obtained from 
the (fci, fc2)-join *ki,k2 with the standard contact structure on each S^. The 
contact structures CD/^e and ©ce' are inequivalcnt ii I — 2e ^ I' — 2e' since their first 
Chern classes are different, but otherwise the equivalence problem is not known. 
Similarly, if I = 2k and ki — k2 ^ k — e, then I'fei,fe2 ^.nd 2)2fc,e are inequivalcnt. 

It is straightforward to construct many more examples of Sasaki bouquets on 
the fc-fold connected sum k{S'^ x 5*^) by representing them as circle bundles over 
symplectic blow-ups of CP^ and CP^ x CP^. Indeed, in |Kar99) Karshon gives a 
classification of all Hamiltonian actions on compact symplectic 4-manifolds in 
terms of certain graphs. Moreover, she determines which ones extend to a toric 
action. So one can get examples of Sasaki bouquets with Sasaki cones of different 
dimensions. Here is one such example consisting of two Sasaki cones one of which 
is toric and the other which is not. 

Example 7.9. We consider the 5-manifold 3(5'^ x 5*^) with contact structure 
D obtained from the Boothby-Wang construction over the symplectic 4-manifold 
obtained from an equal size e-symplectic blow-up of CP^ at 3 points. In Example 3.5 
of |KKP07| it is shown that by choosing e sufficiently small the symplectomorphism 
group of such a symplectic manifold contains at least two maximal tori, one of 
dimension one, and the other of dimension two. Thus, by Theorem 16.61 the contact 
structure 2) has a Sasaki 2-bouquct with one Sasaki cone of dimension 3 and another 
of dimension 2. Both of the associated almost complex structures are integrable, 
the latter by Theorem 7.1 of |Kar99j : hence, the contact metric structures of the 
bouquet are all Sasakian. 

Example 7.10. The next example is due mainly to jFOW09[ ICFOOSj . These 
contact structures live on the fc-fold connected sums k{S'^ x S^), and all satisfy 
ci(2)) = 0. For each positive integer fc there are infinitely many contact structures 
that have a 1-bouquet of Sasakian structures, that is a single Sasaki cone of Sasakian 
structures. Moreover, each cone has a Sasaki-Einstein metric, hence by [BGS08) . 
an open set of extremal Sasakian metrics. Here all Sasakian structures are positive. 
In this case nothing seems to be known about the equivalence problem of contact 
structures. 

7.3. Toric Contact Structures of non-Reeb Type. In the case of a toric con- 
tact structure that is not of Sasaki type on a manifold M of dimension greater 
than three, the action of the torus T is free and M is the total space of a principal 
T"+^-bundle over 5". It was shown in [LS02j that T""*"^ acts freely as contact 
transformations preserving the standard contact structure on the unit sphere bun- 
dle S{T*T"~^^). Such contact manifolds seem to have first been studied in detail 
by Lutz |Lut79j . By Lerman's classification theorem |Ler02aj there is a unique 
y"+i_invariant contact structure on each principal bundle, so we have 

Theorem 7.11. Let M be a 2n + l-dimensional manifold with n > 1 and a free 
action of an (n + 1)- dimensional torus T"'''^. Then on each principal T"^^ -bundle 
P we have nR{D) ~ for any contact structure D and n{D,n + 1) = 1. 
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The principal T"+^ bundles over S" are classified by if^j^S*", Z"+i), so if n > 2 
then P is the trivial bundle r"+i x S". In the case n = 2 we have H'^{S'^, 1^) = 1? . 

Example 7.12. We construct the natural contact metric structure on the unit 
sphere bundle S{T*T"'~^^) by representing it as the unit sphere in minus 
the section which in the standard coordinates (pi,a;*)f^Q on the cotangent bundle 
is given by X^ILo?'? ~ ^- canonical 1-form on 7^*7^"+i is 9 = J27=oPi^-'^^ ' 

so the contact form on S{T*T"-~^^) is defined by 77 = 9\s(^x*t^+^)- We can cover 
S'(T*r""'"^) by 'charts' with coordinates {x^,x^, . . . ,x") on T"+^ and coordinates 
in the fibre {pi, . . . ,p„). It is convenient to use some vector notation by writing 
X = (x^, . . . , x") and p = (pi, . . . Then we have po ~ ±-\/l ^ |pP, so the 
contact form 77 is given in these coordinates by 



(36) ?7± = ±v/l - |p|2rfa;° + p -dx. 

We shall just write rj without specifying the sign of pq. It is clear that 77 is invariant 
under the standard action of the torus on itself, 1— > + a' . One can easily check 
that the Reeb vector field is 

and the contact bundle is 

(38) D = span{5p,5x j===d^o}. 



For convenience we set R = 9x , ^ dyO and define an almost complex structure 

J on D by JR = dp and J dp = —R. We extend J uniquely to the endomorphism 
$ by demanding $^ = 0. If we let S = + :^f^y=p> dual of R, then 

(39) ^ = dp®-S-R(gi-dp- Y^\^ ■ 

Example 7.13. Tight Contact Structures on . The 3-torus is a toric contact 
manifold |Ler02aj which is not of K-contact type. (If a 277, + 1-dimensional manifold 
M admits a K-contact structure, its cuplength must be less than or equal to 277 
jRuk93| IBG08] ). On the other hand, Giroux jGir941 IGir99j has shown that the 
contact structures Dfc defined by the 1-forms 77^ = cosk9dxi+suYk9dx2 for different 
k £ Z"*" are inequivalent, where {xi,X2,0) denote the Cartesian coordinates on 
. Moreover, they are all the tight positively oriented contact structures |Kan971 
IGirOOl iHonOOj on , up to contactomorphism, and all are symplectically fiUable; 
however, Eliashberg |Eli96| showed that only Di is holomorphically fillable. For 
each ?7fe G £+(©/£ ) the 2-torus generated by dxn d^^ is the unique maximal torus 
[Ler02a| . up to conjugacy in €.on{T^, D^) for each /c > 1, but it cannot be of Reeb 
type. So nflCDfc) = and n(2)fc, 2) = 1 for all k. By taking 

$fc = — (cosfc^? de <E) dx2 — sin k6 dg ® dxi) + fc(sinfc6' dx^ ® d9 ~ cos k9 ® d9) 
k 

it is easy to sec the contact metric ([1]) is just the flat metric on for each k. 

Example 7.14. Contact Structures on S^. Eliashberg }Eli89| (see also Chapter 
8 of [ABK+94j ) proved that up to oriented contactomorphism there are precisely 
two co-oriented contact structures on associated with the two-plane bundle 
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whose Hopf invariant vanishes, the standard tight contact structure which is of 
Sasaki type, and an overtwisted contact structure. Furthermore, since Sasakian 
structures arc fiUablc, hence tight, overtwisted structures are not Sasakian. Lerman 
[LerOlj constructs overtwisted contact structures on S'^ using his method of contact 
cuts. Locahy the geometry resembles that of Example 17.131 We have the contact 
form r]k ~ cos(2fc + ^)Trt)d9i + sin(2fc + ^)TTt)d92, with Reeb vector field ^fe = 
cos(2fc + ^)Trt)dg^ + sin(2fc + i)7ri)9e2. The contact bundle Dk is spanned by 

{dt, cos((2fc + ^)TTt)dg, - sin((2fc + ^)TTt)dg,}. 

Now Dq is the standard tight contact structure while the Dk for fc > are 
overtwisted. However, Eliashberg |Eli89| proved that the contact structures D/t 
are contactomorphic for all k £ Z+. We denote the this contact structures by I). 
Lerman [LerOl] proved that the D^s are not T^-equivariantly contactomorphic. It 
follows that there are a countable infinity of non-conjugate tori on the overtwisted 
contact structure D on S*"^. Moreover, as in Example 17.131 these overtwisted contact 
structures are toric and as toric contact structures they are classified by a countable 
set |Ler02aj . so nfl([2)]) = 0, and n([2)], 2) = Hp. In jLerOl] Lerman also shows that 
a similar result holds for lens spaces. It would be interesting to find a preferred 
compatible contact metric (transversally complex structure) for the overtwisted 
structures. 

8. Further Examples of Reeb Type 

In this section I describe some non-toric examples of contact structures that 
exhibit maximal tori. There are several methods to construct such examples. In the 
case of contact structures of Sasaki type, one way is to consider links of hypersurface 
singularities of weighted homogeneous polynomials. This method has proven to be 
of great advantage for constructing Einstein metrics in odd dimensions, see |BG08| 
and references therein. The second method that constructs contact structures of K- 
contact or Sasaki type begins with a symplectic orbifold (manifold) and constructs 
certain orbibundles whose total space has a K-contact or Sasakian structure. In 
these cases we always have maximal tori of Reeb type. 

8.1. Weighted Hypersurface Singularities. I now briefly describe the first 
method. Recall that a polynomial / € C[2oj • • • j z„\ is said to be a weighted homo- 
geneous polynomial of degree d and weight w (wq, . . . , Wn) if for any A £ C* = 
C \ {0}, we have 

/(A«'«zo,...,A'""z„) = A''/(zo,...,^«). 
We are interested in those weighted homogeneous polynomials / whose zero locus 
in C"+^ has only an isolated singularity at the origin. This assures us that the link 
Lf{-w, d) defined as /"^ (0)052"+! smooth manifold, where S'2"+i is the (2n+l)- 
sphere in 0"+^. By the Milnor fibration theorem |Mil68j . L = Lf{w, d) is a closed 
(n— 2)-connected manifold that bounds a parallelizable manifold with the homotopy 
type of a bouquet of n-spheres. Furthermore, Lf(\v,d) admits a quasi-regular 
Sasakian structure S = (^w, »7w, ^^,9^) in a natural way }Abe771 ITak781 IVar80j . 
thus defining a contact structure D^ d- Moreover, i/(w, d) is the total space of an 
orbibundle over a projective algebraic orbifold Z-^ d embedded (as orbifolds) in 
the weighted projective space CF{w). Both the orbifold and the link Lf{w, d) 
come with a family of integrable complex structures. The corresponding family of 



32 



CHARLES P. BOYER 



transverse complex structures on Lf{w,d) is denoted by 3w,d- This is a finite 
dimensional subspace of 8{'^w.d) of complex dimension /i°(CP(w), 0(d)) — n — 1. 
These complex structures are generally inequivalent and the complex dimension of 
the infinitesimal moduli space Mw,d can be easily seen (cf. Proposition 5.5.6 of 
fBG08] l to be 

(40) dimMw,d = /i"(CP(w), 0{d)) - ^ /i"(CP(w), 0{w,)) + dim 2lut(Zw.d)- 

i 

Proposition 8.1. Assume that 2wi < d for all but at most one weight. Then for 
each complex structure J g 3w,d the torus T in the conjugacy class of Gt{J) asso- 
ciated to J equals S and is maximal in the contactomorphism group £on(i, D-^.d)- 
Moreover, rii^X^w^d) = 1- 

Proof. By Lemma 5.5.3 of |BG08j the complex automorphism group 2lut(Zw.d) of 
-2w,(i is discrete, so by Proposition l6 . 3l there are no transverse holomorphic tori. This 
implies that the only torus leaving any of the transverse complex structures in 3w.d 
invariant is S, and this leaves them all invariant and is maximal in €on{L, T>.^ d) 
by Theorem inn □ 

Example 8.2. When the hypothesis of Proposition 18. II holds. dim2tut(Zw,d) = 
and dimK(D, J) = 1. There are many examples in [BGNOSl [BU03l IBGK05[ IBGOei 
IBG081 IBNIO] with dimMw.d > showing that the map defined by Equa- 
tion ([T6|) is not injcctive when dimK(CD, J) = 1. It is interesting to note that 
many of these occur on homotopy spheres (cf. |BGK05| IBG08j ) where the di- 
mension of Mw.d can be quite large. For example, consider the weighted hyper- 
surface Lf{vf,d) where the degree d and weights w = (wq, • • ■ ,wj) are given by 
Wi = d = lcm(ao, • • • , ae, ae — 2) where a; is determined by the recursion rela- 
tion Ok = ao ■ ■ ■ Qk + 1 beginning with ao = 2. Note that the a^s grow with double 
exponential growth. For example, 05 = 10650056950807. In this case L/(w, d) 
is diffcomorphic to S"^^ and has dimMw,d > 2 x 10^'^, so the fibre of the map 

Oi : a(I'w,d) >&<Lt{'D^4, 1) has dimension > 2 x 10". 

Examples of links of weighted homogeneous polynomials with dimK(D, J) > 1 
are easily obtained when the hypothesis of Proposition 18.11 fails. Any Brieskorn 
polynomial with more than one quadratic monomial will suffice. 

Example 8.3. The links obtained from the Brieskorn polynomial ^g*""^ +Z1+Z2 + 
z'^ + z'l represent Milnor's 28 homotopy 7-spheres as A: = 1, • • • , 28. This polynomial 
has degree d = 6{6k — 1) and weight vector w(fc) = (6, 2(6fc — 1), 3{6k — 1), 3(6fc — 
l),3(6fc— 1)). The automorphism group ^ut{Z^i^k),d) is 0(3,C). The Sasaki cone 
can easily be computed by choosing an subgroup of 0(n,R). For example, we 
take the circle generated by the vector field X = i[zzdz2 — Z2dz^ — z^dg^ + 22823) 
restricted to the link. For each positive integer k the Lie algebra t of the maximal 
torus is spanned by {'^w(fc),^}- So the positivity condition 77w{fe) (a^w{fe) +bX) > 
gives a two dimensional Sasaki cone determined by —2a < 6 < 2a. In this case 
we find dime 3-w{k),d = 3 and dime ^■w{k),d = 0. So any T-equivalent complex 
structures in 3-w[k).d ^-re actually equivalent as complex structures. 

8.2. Other Results in Dimension Five. Dimension five is particularly amenable 
to study for several reasons. First, there is the Barden-Smale classification of all sim- 
ply connected compact 5-manifolds. Second, there is an extremely rich knowledge 



MAXIMAL TORI IN CONTACTOMORPHISM GROUPS 



33 



of compact symplectic 4-manifolds from which to construct contact 5-manifolds by 
the Boothby-Wang construction. 

GeneraUy, one can apply the Boothby-Wang construction to the recent finiteness 
result of jKKP07| which says that any compact symplectic 4-manifold admits only 
finitely many inequivalent toric actions to obtain: 

Proposition 8.4. Let D be a regular contact structure on a compact five dimen- 
sional manifold AI . Let ^ be the Reeb vector field of the regular contact 1-form r/. 
Then any bouquet of Sasaki cones based at ^ has finite cardinality. 

It would be interesting to see whether the finiteness result in jKKP07| extends 
to compact symplectic orbifolds. If so then one could strengthen Proposition 18.41 
to all toric contact structures of Reeb type in dimension five. 

One can easily obtain Sasakian structures on non-simply connected 5-manifolds 
by applying the Boothby-Wang construction to non-simply connected compact 4- 
manifolds. Of particular interest are ruled surfaces over Riemann surfaces of arbi- 
trary genus g. It is known that extremal Kahler metrics exist for certain Kahler 
classes on these manifolds |TF98| (see also jGaulO] and references therein). The 
Boothby-Wang 5-manifolds over these surfaces will have Sasakian structures with 
dimK(2), J) = 2 and at least some will have extremal Sasakian metrics. It would 
be interesting to see whether bouquets can occur in this case. A recent related 
result appears in |Noz09| where it is shown that a compact K-contact 5-manifold 
with dimK(D, J) = 2 must have a compatible Sasakian structure. This generalizes 
a result of Karshon in jKar99| to certain cyclic orbifolds. 

8.3. Higher Dimension. Higher dimensional examples are easy to construct by 
the methods discussed previously. In particular, one efficient way to obtain bou- 
quets with cones of varying dimension is by considering circle bundles over the 
so-called polygon spaces |Ler02b| . 

Example 8.5. The polygon spaces Po1(q;) are defined as the quotient of 



by the diagonal action of 50(3) on (R'^)'". If the equation YllLi^i'^i — has 
no solution with = ±1, then Pol(a) is a simply connected smooth compact 
symplectic manifold of dimension 2(m — 3). We shall always assume this condition. 
It is known jHK98| that the cohomology groups i?'^(Pol(a), Z) vanish when k is odd, 
and their diffeomorphism type can be determined from the combinatorial data. For 
a more detailed background on these spaces refer to jHK98| and references therein. 
In |HT03j Hausmann and Tolman study the maximal tori in polygon spaces. They 
construct a sequence Pol(l, 1, 2, 2, 3, 3, 3, ^, • • • , 2^) of polygon spaces of dimension 
2(m-|-4) which have 3 conjugacy classes of Hamiltonian tori of dimension to-|-2, m-\- 
3, m -I- 4, respectively. In particular, m = is a heptagon space Pol(l, 1,2,2, 3, 3, 3) 
which is an 8 dimensional simply connected symplectic manifold with maximal tori 
of dimensions, 2, 3, and 4. Following the prescription given in jHK98| we compute 
the Poincare polynomial for space to be 



(41) 




i=l 



'pol(l,l,2,2,3,3,3) = 1 + + 15f4 + + 



and its Hirzebruch signature is 3. 
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Thus, as was observed by Lerman |Ler02bj there is a 9-diniensional simply con- 
nected contact manifold M with maximal tori of dimensions 3,4, and 5 in its con- 
tactomorphism group. More explicitly. 

Theorem 8.6. There is a eompaet simply connected spin manifold AI^ of dimen- 
sion 9 with Poincare polynomial 

Pm^ = 1 + et^ + + + &f + 

that admits a contact structure D with non-vanishing first Chern class and a 3- 
houquet consisting of Sasaki cones of dimensions 3, 4, o,nd 5. 

Proof. First, from Lerman's observation and our construction we get the 3-bouquet. 
By theorem 6.4 of [HK98| the cohomology ring of the 8-dimensional polygon space 
P = ^Poi(i, 1,2,2,3,3,3) has form 

H*{P, Z) =. Z[R, Vi,V2, V^,Vi, Fs, K]/Jp 
where Jp is a certain ideal whose quadratic elements are easily seen to be 

Vl + RV,, = 1, • • • , 6), + Vi + - R\ ^3^5, l^sV'e, ^4l4, ViV^, V^V^. 
In terms of these generators the class of the symplcctic form a; on P is 
M = 9i? + 2{Vi + V2) + 4(^3 + Vi) + 6(V5 + Ve). 

This defines a primitive class in lf^(P, Z), so we can construct the circle bundle 

TT : >P corresponding to this class whose total space is simply connected. 

Moreover, the Boothby-Wang construction gives a contact structure with contact 
1-form 77 satisfying drj = 7r*w. Now using |HK98j the first Chern class of P is 
ci{P) = 5i? + 2 ^i- Denoting the pullback of the classes R, to by P, 
and using the relation 7r*[w] = we have ci{D) = -AR - 2(1/3 + V4) - 4(^5 + V^) 
which is non-vanishing and whose mod 2 reduction vanishes. The latter implies 
that is spin. 

To compute the Poincare polynomials we consider the Serre spectral sequence of 
the circle bundle tt : Mg >P. We know that the differential d : E\''^ ^-E^'^ sat- 
isfies du = [uj] where u is the generator of H^{S^,Z). We then get d : iSj'^ s-S^' 

as d{u(E)R) = [uj] UR, and d{u(E)Vi) = [uj] UVi. It is not difficult to see by using the 
quadratic relations that this d is injective implying that H^{A'I^,Z) = and that 
H'^{A{^ = Q*. The gives the first 3 terms in Pj^jo and rest of the terms follow 
from Poincare duality. This proves the result. □ 

Remark 8.7. Since H'^{P, Z) is free Abehan |HK98| we see that H'^{A'P, Z) is also 
free Abelian. However, iJ^(Af^,Z) contains torsion as can be seen by the equation 

diu ^ {Vi - V3)) = 2(1/1 + V2){V^ - Vz). 

Remark 8.8. Generally, the contact metric structures in the bouquet are K- 
contact. We do know the ones belonging to the Sasaki cone of dimension 5 are 
Sasakian since this structure is toric. However, it is not known at this time whether 
the transverse almost complex structures of the lower dimensional Sasaki cones are 
integrable. 

One can easily apply the join construction and Theorem l6.7l to obtain many new 
examples of such behavior in higher dimension. 
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